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GEOMETRY AND BACK.
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SILVIA SABATINI, MARKUS SCHWAGENSCHEIDT

ABSTRACT. In this paper we derive topological and number theoretical consequences of
the rigidity of elliptic genera, which are special modular forms associated to each compact
almost complex manifold. In particular, on the geometry side, we prove that rigidity
implies relations between the Betti numbers and the index of a compact symplectic
manifold of dimension 2n admitting a Hamiltonian action of a circle with isolated fixed
points. We investigate the case of maximal index and toric actions. On the number
theoretical side we prove that from each compact almost complex manifold of index
greater than one, that can be endowed with the action of a circle with isolated fixed
points, one can derive non-trivial relations among Eisenstein series. We give explicit
formulas coming from the standard action on CP".
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1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Motivation. The goal of this paper is to derive topological and number theoretical
consequences of the rigidity of elliptic genera on almost complex manifolds acted on by a
circle.

Let (M, J) be a compact almost complex manifold of dimension 2n. The elliptic genus
of level N, denoted by ¢n(M), is a certain modular form (for the group I'1(N)) of weight
n associated to M. Although its formal definition may seem convoluted (see Section 2.1]),
its original inspiration comes from an intuition of Witten [36] who heuristically defined the
Dirac operator on the free loop space LM of M. In a similar fashion, Hirzebruch justified
the definition of the elliptic genus of level N as the so-called x,-genus of LM [22] Section
7.4] (see also Section 2.7]).

One of the surprising features of this genus is that it is rigid in the following sense. If we
assume the first Chern class of M to be divisible by IV, then the Fourier expansion of ¢ (M)
at a certain cusp has coefficients given by the topological Atiyah—Singer index of certain
bundles associated to M, namely tensor products of exterior and symmetric powers of T'M
and T*M and of the line bundle L = (/\"T*M)% [22, Appendix III, Section 4] (see also
equation ([Z:22]) and Section 29]). If (M, J) is acted on by a circle that preserves the almost
complex structure, then each of the above bundles inherits a circle action and one could
consider the equivariant elliptic genus of level N, where the indices above are replaced by
the equivariant indices of the bundles, which are therefore Laurent polynomials, namely
elements of Z[t,t~1]. The celebrated rigidity theorem for elliptic genera [22, Theorem on
page 181] asserts that if the first Chern class is divisible by N, then the equivariant elliptic
genus of level N is rigid, namely the equivariant indices of the bundles above are indeed
constant. Moreover, for certain types of actions, even more is true, as the elliptic genus
vanishes identically.

The proof of the rigidity theorem has a long history, dating back to results of Landweber
and Ochanine (for a detailed account see [25] and the references therein), as well as Taubes
[33] and Bott-Taubes [9]. Also, prior to elliptic genera, rigidity phenomena of some special
bundles had already been observed by, for instance, Atiyah—Hirzebruch [4] and Hattori
[19]. However for the bundles appearing in the expansion of the elliptic genus, the unified
framework offered by the latter is necessary for the proof of their rigidity.

Using these deep theorems we are able to deduce two types of results. On the geometric
side we observe relations between the index (or minimal Chern number) and the Betti
numbers of a compact symplectic manifold admitting a Hamiltonian action of a circle. In
particular, the toric case, as well as that of maximal index, are analyzed, as described in
Section An important feature of our approach is that the use of elliptic genera frees
us from the usual positivity assumptions on the first Chern class (e.g. monotonicity or
Fano hypotheses).

On the number theoretical side we use rigidity to obtain relations among products of
Eisenstein series which are dictated by the weights of the action on an almost complex
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manifold; these relations are, to the best of our knowledge, new (see Section [[.3]). Observe
that, on the one hand, finding algebraic relations among modular forms is a non-trivial
task. On the other hand, knowing which sets of integers can arise as the weights of a circle
action is the content of the yet unresolved Smith problem. Yet somehow the rigidity of
elliptic genera forms a bridge between these two mysterious phenomena.

1.2. From number theory to geometry. Let (M,J) be a compact almost complex
manifold of dimension 2n with first Chern class given by ¢;. We recall that the index of
(M, J) is the largest integer kg such that, modulo torsion, ¢; = kg7 for some non-zero
n € H?(M;Z). For symplectic manifolds, namely manifolds that can be endowed with a
closed, non-degenerate two form w, the set of almost complex structures compatible with
w is contractible, and hence one can define Chern classes of the tangent bundle. We can
then consider the first Chern class and the index of a compact symplectic manifold (M, w).

In analogy with algebraic geometry, it is natural to ask if there is a relation between the
index and the Betti numbers of (M,w). If we restrict to symplectic manifolds admitting
a Hamiltonian circle action with isolated fixed points, then there has already been some
progress in this direction. Indeed, in [30] the third author showed that for such manifolds
the index, which coincides with the minimal Chern number, is bounded above by n + 1.
In [I2] the authors proved that under the monotonicity assumption, namely ¢; = [w], and
two additional technical hypotheses, there are several relations between the index and the
Betti numbers which mirror results obtained in algebraic geometry for Fano varieties; see
also [10] for recent developments.

In this paper we employ elliptic genera to derive relations between the index and the
Betti numbers of a compact symplectic manifold admitting a Hamiltonian circle action
with isolated fixed points. The use of elliptic genera of level N is motivated by a result
of Hirzebruch (see Theorem [2.11]) which asserts that the value of the elliptic genus at
some special points recovers information about the x,-genus, which in turns depends on
the Betti numbers of M, and about the indices of some tensor powers of the line bundle
L = (A"T*M)¥o (see [30)).

The first result that we obtain concerns compact symplectic manifolds admitting a
larger action, namely that of a compact torus whose dimension equals half the dimension
of the manifold; these spaces are also known as symplectic toric manifolds and the action
as a toric action.

Corollary 1.1. Let (M,w) be a compact symplectic manifold of dimension 2n that can be
endowed with a toric action. Let ko be the index of (M,w), b;j(M) the j-th Betti numbers
of M and b the vector (bo(M),ba(M), ..., bap—2(M), b, (M)). Then

ko —1 n

Z Yl divides Zbgj(l\/l)yj. (1.1)

J=0 J=0

In particular we have kg < n+ 1 and the following holds:

(1) If ko = n+ 1, then (M,w) is symplectomorphic to CP™ with Fubini-Studi form suit-
ably rescaled, and the symplectomorphism intertwines the torus action on M with the
standard toric action on CP".

(2) If ko =n, then b= (1,2,2,...,2,2,1).

(3) If ko =n — 1, then we have for some non-negative integer m

b=(1,14m,24m,24+m,...,24+m,24+m,1+m,1).
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(4) If kg = n — 2, then we have for some non-negative integer m

b=(1,14m,14+2m,24+2m,2+2m, ... ,2+2m, 1+2m, 1 +m, 1).

Hence CP™ is the only symplectic toric manifold of index n + 1, regardless of the
monotone assumption. As for kg = n, it is known that if the symplectic toric manifold
(M, w) is monotone, then n = 2 and M is CP! x CP! (see [12, Corollary 5.12]).

In Corollary we derive a straightforward translation of Corollary [LLT] for a smooth
reflexive polytope A, where the vector of even Betti numbers is replaced by the h-vector
of A, and the index by the great common divisor of the affine lengths of its edges.

Next, we specialize to the case in which the index is maximal. First of all observe
that CP"™, endowed with the Fubini-Studi symplectic form, is an example of a compact
symplectic manifold with a Hamiltonian action of a circle and isolated fixed points: this can
be obtained from the standard toric action by restricting to a generic subcircle. Moreover
its index is exactly n + 1 and its elliptic genus of level n + 1 vanishes (see [22] and also
Proposition Bl for an alternative proof). In the following we prove that — up to homotopy
equivalence and complex cobordism — the converse is also true.

Theorem 1.2. Let (M,w) be a compact, connected symplectic manifold of dimension 2n
which can be endowed with a Hamiltonian action of a circle with isolated fixed points.
Assume that the index is maximal, i.e., kg = n+1. Then M is complex cobordant to CP™
if and only if its elliptic genus of level n + 1 vanishes. Moreover, if the elliptic genus of
level n 4+ 1 vanishes, then M is homotopy equivalent to CP™.

We would like to remark that, even if the hypothesis of the vanishing of the elliptic
genus of level n 4+ 1 seems strong, it is automatically satisfied if the type of the circle
action is not zero modulo n + 1 (see Definition 2.4l and Theorem 2.17)); for instance this is
the case for all symplectic toric manifolds (Proposition B.T]).

1.3. From geometry to number theory. We now discuss an application of the elliptic
genus to number theory. Namely, we show, using the rigidity of the elliptic genus, that
manifolds with circle actions yield many non-trivial relations between modular forms.

Let k and N be positive integers with N > 2. We consider the Fisenstein series Gy n(T)
defined for 7 € H := {7 € C : Im(7) > 0} by the Fourier expansion

; B, ST

o > n\ k-1 C]?/' + (_1)kC]dV 2minT 2(1 - CN) o
Gr(r)==> [ 2 (5) ey R ' (12)

n=1 \ dn T it k> 1,

27

where (y := e N is a primitive N-th root of unity and Bj denotes the k-th Bernoulli
number. The Eisenstein series G, y is a modular form of weight k for the subgroup

Ty (N) ::{(i Z)eSLQ(Z):CEO (mod N),a=d=1 (modN)}

of SLy(Z). This means that G}, y is holomorphic on H and at the cusps and satisfies the
transformation law

ar +b\ k
Gr.N <c7'+d> = (7 4+ d)" G n(T)

for all (2%) € I'/(N) and 7 € H (compare Section [Z3)). It is a fundamental fact that the
vector space of all modular forms of fixed weight &k for I'y (V) is finite-dimensional. This
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can be exploited to obtain relations between modular forms, for example. The following
theorem roughly states that manifolds with circle actions yield relations for products of
Eisenstein series.

Theorem 1.3. Let (M, J) be a compact, connected, almost complex manifold of dimension
2n which is acted on effectively by a circle with a non-empty set of isolated fized points.
For a fired point P € MS" we let wi(P),...,w,(P) € Z\ {0} denote the weights of the
circle action at P. Let ko be the index of (M,J) and suppose that N divides kg. Then,
for k > n we have the following relations of products of Eisenstein series

Z Z mr (wl(P), e ,wn(P)) GLN(T) — 0’ (13)

IePp(k) \pems! wi(P) - wn(P)

where P, (k) is the set of all partitions of k with at most n parts, my(z1,...,z,) de-
notes the monomial symmetric polynomiall, and Gin(T) = Gj n(T) - Gj, n(T) for
I: []hajn]

The crucial idea of the proof of Theorem [L3]is as follows: Since M is endowed with a
circle action, we can consider the equivariant elliptic genus ¢ (M, t) of level N associated
to M, which depends on an additional parameter ¢ € S'. The rigidity theorem (see
Theorem 217 below) states that if N divides the index kg, then pn(M,t) is actually
independent of ¢. In particular, if we consider the Laurent expansion of ¢ (M,t) around
t = 1, then all coefficients apart from the constant term vanish identically. On the other
hand, the Laurent coefficients are essentially given by the linear combinations of products
of Eisenstein series from Theorem [[L3] We refer the reader to Section [4 for the details of
the proof.

Remark 1.4 If it is known that the elliptic genus @n(M,t) vanishes identically (see
Theorem 2.17 and Proposition B for cases in which this automatically happens), then in
the above theorem k can be taken to be at least n. For k < n equation (I3]) does not give
meaningful relations, as a short argument involving the localization formula in equivariant
cohomology shows that the coefficient of G v (7) is zero for every partition I € P, (k).

We finish this section with an example illustrating the kinds of relations obtained from
Theorem [L.3]

Example 1.5 Let M = CP? and N = 3. Then M is endowed with an S'-action having
three fixed points P, @, R with weights

wi(P) =z, wa(P) =y, wi(Q)=-z, w(Q) =y—z, wi(R)=—y, wy(R) =z—y.

Here x,y € Z can be chosen arbitrarily as long as no weight equals zero. We obtain from
Theorem [L3] the relations

Z (ml(m,y)—i—ml(_x’y_x)—|—ml(_y’x_y)>G13(T):0

T —Z -z —y)(x — ’
1t y (=2)(y—x)  (=y)x—y)

LWe recall that given indeterminates x1, ..., Z,» and a sequence of non-negative integers I = (r1,...,7xs),
the monomial symmetric polynomial mi(z1,...,xn) is defined as the sum of all monomials z”, where

J = (j1,-..,Jn) ranges over all distinct permutations of I, and zl = it
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for all k > 2. The expression in the big brackets can be evaluated using a computer algebra
system. Explicitly, we get the following relations:

4G13G33 + G35+ 5G43 =0,
—G3G33+ G553 =0,

4G13G5 3 +2G2 3G, 3 + G%,g +7Ge3 =0,
—G23G53 — G33G43+2G73 = 0.

We have checked these identities using the Fourier expansions of the Eisenstein series Gy, 3.
We also refer the reader to Proposition [£.4] for more general relations between products of
Fisenstein series coming from the rigidity of the elliptic genus of CP™.

1.4. Outline of the paper. As this paper is aimed to be for a general audience, in
Section 2] we write an extensive introduction to the subject and recall all of the necessary
concepts. In particular, in Subsection 2.1] some generalities about S'-actions on almost
complex and symplectic manifolds are recalled; in Subsection some facts about the
equivariant cohomology and K-theory ring are given, especially the so-called localization
formulas in both settings. Subsection 23] contains a short introduction to modular forms
and the definition of Eisenstein series. In Subsection2.4l we recall what genera associated to
a power series are, and finally in Subsection 2.5l we define what the elliptic genus of level N
is. In Subsection [2.6] we recall how the elliptic genus recovers important information about
the x,-genus and the indices of some tensor powers of the line bundle (/\"T*M)%. The
interpretation of the elliptic genus as the topological index of an infinite tensor product is
in Subsection 27l We define the type of the action, as well as what it means for an action
to be N-balanced, in Subsection 2281 We also give an alternative proof of Proposition
214l already known in the literature, which identifies for which integers N an action is
N-balanced. Section 2Z9]is devoted to describing what rigidity of the elliptic genus means,
and the rigidity theorem is recalled here.

In Section [l we use the rigidity of the elliptic genus to derive topological results about
compact symplectic manifolds endowed with a Hamiltonian circle action with isolated
fixed points. In particular, in Subsection Bl we first specialize to toric actions and prove
Proposition B which asserts that, for every positive integer N dividing the index of
the manifold, the elliptic genus of level N vanishes identically. Proposition gives a
divisibility criterion for the x,-genus which, together with Proposition B.I, are the key
ingredients for the proof of Corollary [LIl which is given on page In subsubsection
[B.1.1] we recall some generalities about reflexive polytopes and translate Corollary [L.1] in
this setting: this is the content of Corollary In Subsection we specialize to the
case in which the index is maximal. Before doing so we introduce some polynomials,
see equation (3.3]), which generalize the so-called Hilbert polynomial and play a key role
in the proof of Theorem We prove some of their symmetries (Proposition B.7]) and
compute them, as an example, for the complex projective space (see Proposition B.8).
In Proposition [B.10] we show what the relation between these new polynomials and the
number of fixed points is. Theorem is the key ingredient for the proof of Theorem
and implies that, for a compact symplectic manifold of dimension 2n acted on by a
circle in a Hamiltonian way and with isolated fixed points, having index kg = n + 1 and
vanishing elliptic genus of level n 4+ 1 implies the number of fixed points, and hence the
Euler characteristic, to be n+ 1. To conclude the proof of Theorem [[.2] which is given on
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page B8], we then need Theorem [B.14] whose proof combines results of Hattori [20], Tolman
[34] and Charton [10].

In Section @ we give a proof of Theorem[[L3] Then in Subsection 1] after recalling some
standard facts, we give a formula for computing the coefficients appearing in Theorem
[L3] whenever M is a coadjoint orbit (Proposition [£.2)). Finally, in Subsection [1.2] we
compute the relations among Eisenstein series given by Theorem[[.3]when M is the complex
projective space.

2. BACKGROUND

2.1. The S'-actions on almost complex and symplectic manifolds. In this subsec-
tion we recall some standard facts about circle actions on almost complex and symplectic
manifolds.

Let (M, J,S') be an almost complex manifold of dimension 2n endowed with a circle
action that preserves J. This means that the endomorphism J: TM — T'M is equivariant
with respect to the action of S! induced on the tangent bundle TM. Henceforth we assume
that the S'-action on (M, J, S') has fixed points, and denote the set of fixed points by
MS Similarly, for every subgroup Z, of S*, we denote the set of points whose stabilizer is
Zi, by MZr. We recall that, given a fixed point P € M* 1, there exist complex coordinates
21,...,2p on TM|p ~ C" and integers wy (P), ..., w,(P) such that the S'-action on TM|p
is given by

St EPE (2’1, cee ,Zn) = <)\w1(P)21’ R ,)\w"(P)Zn) .

Such integers are called the weights of the S'-action at the fixed point P. Note that
P € M5 is an isolated fixed point if and only if none of its weights is zero; this is a
consequence of the fact that, after choosing an S'-invariant metric on M, in a neighborhood
U C M of P the exponential map with respect to this metric intertwines the S'-action on
TM|p with that on U.

If M carries additional structure, then we require that such structure is preserved by
the circle action. For instance, let (M,w) be a symplectic manifold, which in this article
is always assumed to be compact and connected. If S' acts on it, then we require the
S1-family of diffeomorphisms to be indeed symplectomorphisms. This translates into the
following formula: let & be a vector in Lie(S') and £ the corresponding vector field on
M. Then the flow of diffeomorphisms associated to £# is a flow of symplectomorphisms if
and only if

d (Lg#w) =0.
In the case in which the closed form above is exact, namely if there exists ¥: M — R
such that texw = d1), then the Sl-action is called Hamiltonian and the function v the
moment map of the action. If there is a whole compact torus T acting on (M,w) via
symplectomorphisms, then the notion of Hamiltonian action generalizes to this case in the
following way.

Definition 2.1. Let (M,w) be a symplectic manifold and let T be a compact torus acting
on it via symplectomorphisms with Lie algebra t. Then the T-action is called Hamiltonian
if there exists a map ¢: M — t* such that the following conditions hold:

e 1/ is T invariant;

e for every £ € t the following identity holds:

Lepw = dips (2.1)
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where ¢# is the vector field corresponding to the Lie algebra element & and the function
Y* is given by ¢ (P) := ((P), &) (here (-,-) denotes the evaluation between t* and t).

Equation (2]) implies that, if M is compact, then a Hamiltonian action always has
fixed points. A lower bound can be found as follows. Suppose first that the torus is one-
dimensional. If the fixed points are isolated, then the moment map is a Morse function
with only even indices, and a Morse theory argument implies that

ij(M) = Nj, for all j € {0, .. ,’I’L},

where byj(M) is the 2j-th Betti number of M and Nj is the number of fixed points with
j negative weights. Since for a compact symplectic manifold M of dimension 2n the non-
degeneracy of the symplectic form implies bo;(M) # 0 for all j € {0,...,n}, we conclude
that for a Hamiltonian circle action |M? 1] > n+ 1. The same conclusion holds for actions
of tori of higher dimensions: it suffices to restrict the action to a circle subgroup.

Since the vector space tangent to the torus orbits of a Hamiltonian action is isotropic,
the largest dimension of a compact torus that acts on a 2n-dimensional symplectic manifold
is exactly n.

Definition 2.2. A symplectic toric manifold is a compact symplectic manifold of dimen-
sion 2n endowed with the effective, Hamiltonian action of a compact torus T of dimension
n. We denote this space with the triple (M, w, 1), where ¢: M — t* and t = Lie(T).

By the celebrated Convexity Theorem of Atiyah [I] and Guillemin-Sternberg [17], the
image of the moment map is a convex polytope. However, for symplectic toric manifolds
this polytope has very special features, and is called a smooth (or Delzant) polytope. These
are defined combinatorially as follows.

Definition 2.3. Let A C R" be an n-dimensional polytope. Then A is called smooth (or
Delzant) if the following three properties are satisfied:

(D1) A is simple: there are exactly n edges meeting at each vertex;

(D2) every vertex is rational: the lines supporting the n edges meeting at a vertex v
are given by v+t - wj, with ¢t € R and w; € Z" for every j € {1,...,n}, for every
vertex v;

(D3) every vertex is smooth: for each vertex v the vectors wi,...,w, above can be
chosen to be a Z-basis of Z™.

Given the Convexity Theorem, it is not hard to see that the image of the moment
map of a 2n-dimensional symplectic toric manifold is a smooth n-dimensional polytope.
However a celebrated theorem of Delzant [11]] asserts that the polytope characterizes com-
pletely the symplectic toric manifold up to equivariant symplectomorphisms. Moreover for
any smooth polytope A one can find a unique (modulo equivariant symplectomorphism)
symplectic toric manifold whose image of the moment map is exactly A.

2.2. Equivariant cohomology, characteristic classes, and K-theory. For a more
detailed exposition and for proofs of the following facts see for instance [3|, [8, 18] for
equivariant cohomology and characteristic classes and [2, 5] [6], [7] for equivariant K-theory.
We recall that, given a manifold M acted on continuously by a circle S!, according to the
Borel model the equivariant cohomology ring H;l(M; R) of M with coefficients in the ring
R is defined to be the ordinary cohomology ring of the orbit space M xg¢1 ES', where
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ES' is a contractible space on which S! acts freely, and the S'-action on M x ES! is the
diagonal one. The space ES! can, for instance, be chosen to be the unit sphere S in
C>; however ES! is unique up to homotopy equivalence. For instance we have that

§i(pt; R) = H* (8°/S%; R) = H* (CP™; R) = R[], (2:2)

where R is the coefficient ring and x has degree two. Similarly, if we have a compact torus
T of dimension m, then H}(M; R) is defined to be H*(M xt ET), where ET can be chosen
to be (5°°)™. Hence Hy(pt; R) = R[z1,...,%n], where each x; has degree two. If the ring
R is a field, then H}(pt; R) is identified with the symmetric algebra on t*, where t is the
Lie algebra of T, and is denoted by S(t*).

Any S'-equivariant map between two spaces induces a pull-back map in equivariant
cohomology. For instance, let MS " denote the fixed point set, which we are assum-
ing to be non-empty. Then the (S!-equivariant) inclusion ¢: MS" < M induces a map
v H G (M R) — H;il(MS 1; R) which is well-understood in many cases; for example, if M
can be endowed with a Hamiltonian torus action, then Kirwan [24] proved that ¢* is injec-
tive. Note that H;l(Msl;R) is an easier object to handle, and if in particular the set of

fixed points consists of finitely many elements, then Hz, (M® YRy =@ pemst R[z]. Hence-
forth the restriction of an equivariant cohomology class « to a fixed point P is denoted by
a(P).

The equivariant cohomology ring often recovers properties of the non-equivariant one.
Indeed, one can consider the inclusion map {e} < S', where e denotes the identity
element in S, observe that er}(M; R) is just the ordinary cohomology ring, and study

the corresponding pull-back
r: He (M; R) — H*(M; R).

Often this map is well-understood too; for instance, in the Hamiltonian case, it is surjective
[24]. Observe that if M is a point, then r is given by evaluation at z = 0.

Just as for the ordinary cohomology ring, there is a push-forward map in equivariant
cohomology, also called an “integration map”

[ Bz Ry = B sy (23)
M

which comes from integration along the fibers of the projection onto the second factor
M xg1 ES' — CP>. Observe that the integral of an equivariant cohomology class of
degree higher than the dimension of M is not necessarily zero. In order to compute (2.3])
there is a very useful formula due to Atiyah-Bott [3] and Berline Vergne [§], which is
referred to as the localization formula (in equivariant cohomology), and is as follows. For
the sake of brevity we only describe it if M is almost complex and the fixed points are
isolated; however it holds more generally for oriented manifolds and any type of fixed point
set.

Lemma 2.1. Let (M, J, SY) be a compact almost complex manifold of dimension 2n acted
on by a circle with discrete fixed point set MS'. Let a be an equivariant cohomology class.

Then we have P
1 a(P
o = —n s (24)
/M PGZM:SI z? wy(P) - wy(P)

where x is as in (2.2)).
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Consider now a complex vector bundle V' — M which is endowed with a compatible S*-
action, namely an action that makes the projection map equivariant. Then its equivariant
Chern classes are defined as the ordinary Chern classes, of the associated bundle V' x g1
ES' — M xg ES'. If V is the tangent bundle TM, then, using functoriality of Chern
classes it is not hard to prove that, given a fixed point P with weights wy (P), ..., w,(P),
the restriction of the j-th equivariant Chern class cjs " of the tangent bundle TM to P is
given by

S (P) = ¢j(wi(P),...,wa(P))a?, (2.5)

where ej(z1,...,z,) denotes the j-th elementary symmetric polynomial in z1, ..., zy.

Since the restrictions of equivariant Chern classes to ordinary cohomology are the or-
dinary Chern classes, formula (24]) can be very useful to compute Chern numbers of
M too. Let ¢i,...,c, denote the Chern classes of the tangent bundle of (M,J), where
¢j € H¥(M;Z), and P(n) the set of partitions A = [A,..., A\x] of n, e, Ay > -+ > X >0
with A1 + ...+ A = n. For each A € P(n) the Chern number of (M, J) associated to A is
given by

C\(M) = /M Cxn to ey, € Z. (2.6)
Using formula (2.4)) it is easy to show that
(SHY (U}l(P),,’U)n(P))B)\ (’U)l(P),,’U)n(P))
Cy\(M) = ! k . (2.7)
Pe%sl wl(P)---wn(P)

The K-theory (resp. equivariant K-theory) ring S*, is given a manifold M acted on by
a circle, the abelian group associated to the semigroup of isomorphism classes of complex
vector bundles (resp. complex vector bundles endowed with a compatible S'-action),
endowed with the operations of direct sum and tensor product. It is denoted by K (M)
(resp. Kg1(M)); for instance K (pt) ~ Z and Kgi(pt) ~ Z[t,t~!]. The inclusion {e} —
St induces a map Kgi1(M) — K(M) which, in the case in which M is a point, is the
evaluation at ¢ = 1. The topological index (resp. equivariant index) of a bundle V' —
regarded as an element of K(M)- is a push forward map Ind: K (M) — K(pt) ~ Z (resp.
Indgi: Kg1(M) — Kgi(pt) ~ Z[t,t!]), as defined in [6]. Its computation can be carried
out using the Atiyah-Singer formula [7]

Imd(V) = /M Ch(V)Todd(M),

where Ch: K (V) — H*(M) denotes the Chern character homomorphism and Todd(M) the
total Todd class of M. As for the equivariant index there is, in analogy with equivariant
cohomology, a localization formula that allows to compute it, as proved by Atiyah and
Segal in [5]. As above, for simplicity we assume here that M is almost complex and the
fixed point set is discrete.

Lemma 2.2. Let (M, J,SY) be a compact almost complex manifold of dimension 2n acted
on by a circle with isolated fized points. Given an equivariant bundle V € Kg1 (M), its
equivariant index is given by

Indg (V) = >

PeMs?

V(P)
[Ty (1 —t7it?)

ez [t,t7]. (2.8)
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Just for equivariant cohomology classes, given a bundle V' over M endowed with an

Sl-action compatible with the projection, to compute its non-equivariant index one can
use formula (2.8]), namely

. V(P
Ind(V) = lim > e (1(_2%(13)). (2.9)

Pems?!
2.3. Modular forms for I'; (N). We recall some basic facts about modular forms for the
congruence subgroup I'; (N), roughly following Appendix I of [22]. Note that the index of
I'1(N) in SLy(Z) is finite. The group SLy(Z) acts on the upper half-plane H by fractional
linear transformations

. ar+b
Mt = ct+d

for M = (2%) € SLy(Z), and this action extends to Q U {oc} if we set Moo := ¢ with
% = 00. The classes I'; (N)\(Q U {o0}) are called the cusps of I';(N). Since I'y (V) has
finite index in SLy(Z), it also has finitely many cusps.

The geometric significance of the cusps is the fact that the quotient I'; (N)\H is a non-
compact Riemann surface which can be compactified by adding the finitely many cusps
IUN\(QU {oo}).

A modular form of weight k € Z for T'1(IN) is a holomorphic function f : H — C which
transforms as

F(M7) = (e +d)* f(7)
for all M = (‘é 3) € I'1(N) and which is holomorphic at the cusps, which means that for
every M € SLy(Z) the function f|,M(7) := (¢t 4+ d)~F f(MT) has a Fourier expansion of
the form

fleM(r) = > en(n)q" (2.10)

neQy

with coefficients cys(n) € C and q := €2™7. If Moo = %, then we call the constant term
ey (0) of flxM the value of f at the cusap ¢ and denote it by f(%). It is independent of

the particular choice of M with Moo = ¢, and it can be computed as the limit

7(2) = lim flM(r),

or, equivalently, by taking the limit of f|xM as ¢ — 0 in the Fourier expansion (2.10).

We let My (T'1(N)) be the complex vector space of all modular forms of weight k for
I'1(N). It is well-known that My (I';(N)) = {0} for £ < 0, Mp(T'1(N)) = C, and that
M (T'1(NV)) is finite-dimensional for all k£ € N. Furthermore, we let

M(I'1(N)) := ) Mi(T'1 (V)
k=0

be the graded ring of all modular forms for I'; (V).
There are many ways to construct interesting examples of modular forms for I'y (V).
Here we consider the Eisenstein series

— W
G n(7) = ) > 4 )E My(T1(N)) (2.11)
(m.n)€Z2\{(0,0)}

for N > 2 and k > 1. Actually, the defining series only converge if k¥ > 3, but one can
also make sense of the series for k£ € {1,2} (using the so-called Hecke trick) to obtain
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Eisenstein series of weight one and two. The Fourier expansion of G n at oo is given by

@2).

2.4. Genera associated to formal power series. We first recall that a stably almost
complex manifold (also known as unitary manifold) is a manifold M together with a com-
plex structure on the stable tangent bundle (namely a complex structure on TM @ (M x RF)
for some k > 1, where M x R* denotes the trivial real bundle of rank k). The complex
cobordism ring € is the ring of cobordism classes of stable complex manifolds. A classical
result of Milnor [28] and Novikov [29] (see also Stong [32]) that is used below asserts that
two almost complex manifolds are stably cobordant if and only if their Chern numbers are
the same.

A complex multiplicative genus (or just a genus) is a ring homomorphism ¢ : Q®RQ — R,
where R is a given ring; for example, R could be Z or Q, the polynomial ring Q[y], or the
ring M(I'1(N)) of modular forms for I'; (V).

One can construct genera from normalized formal power series, as we explain now. Let

Q(x) =1+ a1z + agz® + aza + ...

be a normalized formal power series with coefficients ay € R. Let (M,J) be an almost
complex compact manifold of dimension 2n. The following procedure yields the genus
v (M) associated to Q:

Step 1: We introduce variables xy,...,z, to which we assign weight one. Then, for
example, z123 has weight three. Consider the product

Q(@1)Q(w2) -+~ Q(xy) = 1+ Y pi(w,...,x0),

k=1
where the polynomial py consists of all summands of weight k. The first three polynomials

Pk are given by

plzal(.%'l-i-"'-i-.%'n),

po = ai (122 + 2125 + - + Tpo12) +ag (2] + -+ 22),
3
1

ps = aj (x12923 + T1x2x4 + ... ) + aras (xlxg—i—xgx%—i—...)—i—ag(x‘z’—i—---—i—xi).

Note that py is homogeneous of degree k.

Step 2: Each polynomial pg is symmetric, so it can be written as a polynomial in the
elementary symmetric polynomialﬂ o¢ with £ < k, i.e., there is a polynomial Q in k
variables such that

pre(T1, .. xn) = Qrlor(x1, ..oy xpn)y oy ok(X1, .o, Tp))-
2Recall that the elementary  symmetric  polynomials are defined by oi(z1,...,2n):=
Doi<ji<<jp<n Tin * i, For example, oo(z1...,zn) = l,01(z1...,2n) = 21 + -+ + @, and

On =21 Tn.
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Again, we list some explicit formulas for the first few q:

Q1(y1) = a1y,
Q2(y1,y2) = a2yt + (af — 2a2) ya,
Qs(y1,y2,y3) = asy} + (a1az — 3az)y1y2 + (a3 + 3az — 3araz) ys.

If we think of y, as having weight ¢, then the polynomial Q); consists only of terms of
weight £. This implies that if the coefficients a; lie in some graded ring R with a; € Ry,
then the coefficients of Q) lie in Ry, as well.

Step 3: Since the manifold M is almost complex, i.e., its tangent bundle has a complex
structure, its Chern classes ¢1(M), ..., ¢,(M) (which are by definition the Chern classes of
the tangent bundle of M) are defined. We plug in ¢,(M) for o, in @, and integrate over
M to obtain an element of R (even R, if R is graded), which we call the genus ¢g(M)
associated to @, i.e.,

pa(M) = /M Qu(c1(M), .., ca(M)).

The above procedure is tedious to do by hand, but can easily be done by a computer
algebra system.

Remark 2.3 It is sometimes convenient to allow non-normalized power series Q(z) =
ap + a1z + agx® 4+ ... with ag # 0. We can go through the same procedure as above
and still get a genus associated to (). If @) is not normalized, then the normalized series
ag 'Q(apz) yields the same genus as Q.

Remark 2.4 We can write pg(M) as a linear combination of Chern numbers (see (2.6))
poM)= > fHCA(M)
AEP(n)

for some f\ € R (even in R, if R is graded). Note that f) is a polynomial in the ay’s,
which depends on A (hence on n), but not on the manifold M. Again, the coefficients fy
can easily be computed by a computer algebra system.

Example 2.5 Let n = 2. We write
Q(x1)Q(x2) =1+ Py(x1,x2) + Po(x1,29) + .. .,
where
Py(z1,22) := a1 (x1 +22), Po(z1,22):=as (ﬂc% + m%) + a2xizy.
In terms of the elementary symmetric polynomials, we have
x% + x% = (x1 + m2)2 —2x119 = 0% — 209, T1%2 = 09,
and hence
Py(z1,29) = ag (0% — 202) + a0y = ay07 + (a% — 2a2) o9 = Q2(01,02).
Plugging in the Chern numbers and integrating over M, we obtain

0o (M) = azCp1 1) (M) + (ai — 2a2) Cg(M).
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Example 2.6 The Hirzebruch x,-genus is the Q[y|-valued genus associated to the power
series

——(1+ye).

If we plug in %5 = > B, % with the Bernoulli numbers B, € Q (By = 1,B; =

nl

l By = %), then we find the explicit expansion

Y
x 71 >
—— (L+ye™) = aoy) + D ar(y)a,
k=1
where
k
B, By
= 1 = - —.
ao(y) = (1+y),  a(y) ,;“!(k—“)!+y’f!

In particular, every coefficient aj is a polynomial in y of degree < 1 with rational coeffi-
cients. Note that the power series is not normalized. The associated genus x,(M) for a
manifold of dimension 2n is a linear combination of products of the form ag_gakl Ce Qg
Hence x,(M) is a polynomial in y of degree n with rational coefficients. Indeed more is
true: the coefficient of y? is always an integer, for all p € {0,...,n}, as it is the topological
index of the bundle APT' (see [22] page 61]).

Now let n = 2 and consider M = CP2. Its Chern numbers are given by
Cpy (CP?) =9,  Cp(CP?) =3.

The relevant polynomials are

ao(y) =1+y,  a(y) =Bo+Bi+yB =
1 1 1 1
az(y) = Bo+ B1+ ;B2 +yzBa = — + =
2 2 2
A short calculation gives
Xy ((CPZ) = apazC[y, 1 (CPQ) + (a% — 2a0a2) Cpa ((CPZ) =y —y+1

The xy-genus interpolates several other interesting genera of M. For example, x_1(M)
is the Euler characteristic x(M) of M, and x1(M) is the signature sign(M) of M, which in
turn is the genus associated to the power series m

2.5. The elliptic genus of level N. Let N > 2 be an integer. The elliptic genus on of
level N is the genus associated to a certain power series with coefficients in R = M (I'; (N)),
the ring of modular forms for I'; (V). It is constructed in such a way that the elliptic genus
©n (M) of a manifold of dimension 2n is a modular form of weight n for I'; ().

We require the Jacobi theta function

79(7_; Z) . Z(_l)ne2m'(n+%)zem‘(nJr%)?T’

nel
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with 7 € H and z € C. Using the Poisson summation formula one can show that it satisfies
the transformation formulas

ar +b z 1 micz?
e = cT+d .
79(07'4—d’c7'+d> §ler +d)zecrtai(r; 2),

9 <a7'+b

(2.12)

0\ — S ol
CT+d70> E(er +d)29'(1;0),

or all (279) € SLa(Z), with some eigth root of unity & which depends on a, b, ¢, d but not
for all CZ SLa(Z h h f unity & which d d b,c,d b

on 7 and z. Here we are abbreviating ¢/(7; z) := d%z?(T; z). Furthermore, the Jacobi theta
function satisfies the elliptic shifts

V(r;2+1) = =9(r; 2), O (152 + 1) = —e™EFY(1; 2). (2.13)

It can also be written as an infinite product using the Jacobi triple product identity

Hriyz) =21 sin(wz)qé H (1—¢") (1-e*¢") (1 - ef%izq”) . (2.14)
n=1
Note that 9'(7;0) = 2min®(r) with the Dedekind n-function
1T n
n(r) = q2 [JA—q"). (2.15)
n=1

We now define the elliptic genus pn of level N as the genus associated to the normalized
power series

. 1
QN(CU) — i /(7_;0) 19(7-7 273 N)l
2mi ﬂ(T;%)ﬁ(T;—N)
Note that the elliptic genus @y is only defined for N > 2. Indeed, since ¥(7;2) = 0 for
z € Z7 + Z the above definition would not make sense for N = 1. Keep in mind that
On(x) and ¢x depend on 7 € H.
There are several other useful representations of the power series Qn(z). For instance,
using the product expansions of 1(7) and ¥(7; z) stated in (ZI3]) and ([2.14]) above, we can
write Qx(z) as an infinite product (with ¢y = >™/N),

(1 —e™"CN) ﬁ (1—e"(ng™) (1= e"¢y'e") (1= g")°
(1—e )1 =Cn) 1 (T—e2g?) (1 —e*q") (1 = (ng™) (1= Cy'g?)

which is often used as the definition of Qx(x) in the literature, see for example Appen-
dix IIT of [22]. Many more interesting properties and different representations of Quy(x)
can be found in Appendix I of [22] and in the theorem in Section 3 of [37], where the
power series Qn(z) was studied in connection with periods of modular forms.

We have the following first basic result about the power series Qn(x):

=14 ay(1)r+ax(r)z®+.... (2.16)

On(z) =

Lemma 2.7. The coefficients ax(7) are modular forms of weight k for T'1(N).

The lemma is well-known, and can be proved using the transformation behaviour of
and its derivative stated in (ZI12]) above. We give a different proof, by showing that the
ax(7) are Eisenstein series. This explicit representation seems to be less known.

Lemma 2.8. We have ay(7) = Gy ,n(T), the Eisenstein series defined in equation (Z.IT]).
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Proof. By item (vii) of the theorem in Section 3 of [37], we have that

z 1
QN(-%') - xF’T <%7_N> )

with the function

Z&qi_ B

mO

On the other hand, by item (iv) of the same theorem from [37], we have the Taylor
expansion

T 1 1 d min(r,s) (_@)8 e
R - N—— — 5! X NJ
whr <2m N> =1 N + Z Ir = st <2m d7'> Clr—si11(7) s! rl

r,s>0

where Gy 1(7) is defined by the Fourier expansion (L2)) if £ > 0 is even, and Gy 1(7) =0
if k is odd. Note that we use a different normalization of Gy 1(7) than [37]. We plug in
the Fourier expansion (L2)) of G 1(7) and compute its derivative coefficient-wise. We first
consider the constant term of ai (7). For k =1 it is given by

N Bsiq 211 S_ N B 2mi\° 1
_2m+;(s+1)!<_N> O\ 2m S;s! "~ ) ta

s odd
(NN R 1 ik
2mi ) % 1 2 2(1—<(n)’
where we use that Bp =1, By = , and B; = 0 for odd s > 1 in the first step, and the

definition %4 =3 o Bsf‘;—f of the Bernoulli numbers in the second step For k > 1 the

constant term of a(7) is given by the constant term of Gy, 1(7), which is F' In any case,
the constant coeflicient of ay(7) equals the constant term of the Eisenstein series G, v (7).

Now we compute the n-th Fourier coefficient (n > 0) of a (7). Noting that (5= 87)6 " =
" for £ > 0 and n > 0, the n-th coefficient of ax(7) is given by

_ 2mi)*
=Y 1§ g (1 (ko) ( ;\!/) (k:—ll)!

s>0 din

27rid) &

s () (G ) S

s>0
-~ > (57 (' + ed).

where we use the definition e* = ., i—f in the last step. We obtain that the n-th
coefficient of ay(7) equals the n-th coefficient of Gy, ny(7), which finishes the proof. O

Recall that the genus associated to a power series ) can be written as

= ) HCM

AEP(n)
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with f) € R, and the Chern numbers C(M) € Z. In particular, for the elliptic genus,
every fy is a modular form of weight n for I'1 (V) and a polynomial in the Eisenstein series
G, ~. Thus we obtain the following important result.

Proposition 2.9. The elliptic genus pn(M) of an almost complex compact manifold of
dimension 2n is a modular form of weight n for T'y(N).

Example 2.10 To emphasize the explicit nature of the construction of the elliptic genus,
we computed the relevant modular forms fy (up to ¢°) for n =2 and N € {2,3}:

N2 [A0) |
2 | 2] | —%—4q—4¢> —16¢> —4q* —24¢° + ...
L1 | & +2¢+2¢%+¢%+2¢* +12¢° + ...

[
1,

312 |1-3¢—9¢%—3¢>—21¢" —18¢° + ...
L1 | S +q+32+ @ +T7¢* +6¢°+ ...

For example, the elliptic genus of level N = 2 of an almost complex compact manifold M
of dimension four with Chern numbers Cj(M), C}; 11(M) € Z is given by

N (M) = fig1Cr1(M) + f11,1)C11,11(M)
with

1 1
fi(r) = —5—4q—4q2—16q3—4q4—24q5+- o fun(r) = 520200+ 20 1207+
which are modular forms of weight two for I';(2).

2.6. The values of the elliptic genus at the cusps. In this subsection we discuss an
important result which roughly states that the values at the cusps of the elliptic genus
©n (M) of level N of an almost complex manifold M are given by certain other interesting
genera of M.

Let w be a primitive N-division point of C/(Zt + Z), that is, Nw € Z7 + Z and N is
the minimal positive integer with this property. We can write it in the form w = %7’ + %
with k,¢ € Z. Since w is primitive, we may assume that ged(k,¢) = 1. To every such
N-division point w = %T + % we associate the cusp ¢ of I'i(IV), where a € Z is chosen
(existence follows by Bezout) such that al — bk = 1 for some b € Z. One can check that
the I'y (N)-class of the cusp ¢ is uniquely determined by this condition, independently of
the particular choices of a,b, k, ¢ that we make above. However, we remark that a cusp
can be represented by several different N-division points w. For example, the cusp co = %
is represented by the N-division point +, but also by —%.

For a primitive N-division point w = %T + % we consider the normalized power series
0, (7’ L w)

) 2mi
19(7' )19(7';—10)

=
8

ON (k) (T) =€ N

9 (7;0) (2.17)

x
2 oL
—ka _ ozl R _ ozl ot _ oz~ n—F _ n)2
e N (1—e™(yqV ) = 1—e™(g"™ v ) (1 —e"CNg" V) (1—q")
(1—e) (1 - Cf&ﬁ) net (1 —e7qm) (1 — e™qm) (1 - Cf&q’”%) <1 - C&Zq"‘ﬂ
where we are using the product expansions ([2.I4) and (I5). We let ¢y ) be the
associated genus. Using the transformation rules [2.13) we see that Q1.0 (z) and o (1.0

=X s
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only depend on k and ¢ (mod N), that is, they only depend on the N-division point w.

Note that for w = % we recover the elliptic genus of level IV, e.g.,

On(7) = Qn,0,1)(T), PN = PN,(0,1)-

It follows from Theorem 6.4 in Appendix I of [22] that for every matrix A = (¢ %) € SLa(Z)
we have the relation

oN(M)[nA = 9N, 0,1)4(M) = o, (1,0) (M) (2.18)

with the weight n slash operator defined in Section 2.3l Equivalently, this means that
the expansion of the elliptic genus ¢ (M) at the cusp ¢ (represented by some primitive
N-division point w = %7’ + %) is given by the genus ¢y (1,0 (M). This fact can be used
to prove the following result about the values of the elliptic genus at the cusps.

Theorem 2.11 ([22], Theorem on page 100). Let (M,J) be a compact almost complex
manifold with first Chern class ¢, € H*(M;Z) and index ko. Let N be a posz’tz’ve z'nteger
dividing ko. If one represents a cusp § of I'1(N) by a primitive N -division point NT+ N,
with 0 <k < N and 0 < ¢ < N, then the value of (M) in this cusp equals

Ind <Lk) i k>0,
where L is the line bundle with N - ¢;(L) = —c¢y, and

xy(M) 2mit ,
= 4f k=0 and y=—e N, with gcd(¢,N)=1.
(1+y)" s

2.7. The elliptic genus as the index of a virtual vector bundle. We first set nota-
tion and recall some facts about the Chern characters of wedge and symmetric products
of vector bundles (see [22, Subsection 1.5]). Let E be a complex vector bundle of rank
n over a differentiable manifold M. Then F formally splits as a sum of line bundles
E=L®...® L, with x; = ¢1(L;). Let E* be the dual bundle, A*E (resp. S¥E) the
k-th exterior (resp. symmetric) power of E. If we write

oo oo
NE = Z (/\jE) t/ and Ay E* = Z (/\jE*) t!
j=0 j=0
then
n n
ch(AME) =[] (1 +te™) , ch(nE") = H (L+te ™) and (2.19)
o ratr
n
h(A(E ©C)) = [T ((1+te™)(1 + te ™))
j=1
Analogously, if we set
oo oo

SiE:=) (YE)t and S,E*:=> (STE*)V

J=0 J=0
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then
ch(S:E) —ﬁ L (s, —ﬁé d (2.20)
= 1—tews » MWt I an '
Jj=1 7j=1
- 1
ch(S,(E @ C)) = jHl T

Let (M?",J) be an almost complex manifold, with formal decomposition of its tangent
bundle T := TM = E; @...® E,, as sum of line bundles and formal variables z; := ¢1(Ej;).
Let N be a positive integer that divides the index ko of (M, J) and let k, ¢ be two integers
such that £7 + £ is a primitive N-division point of C/(Z7 + Z) with 7 € H. Recall
that the elliptic genus ¢y (1) is defined to be the genus belonging to the power series of
AN, (k0), see equation (2.I7). Formally

‘PN,(k,Z)(M) = / QN,(k,Z) (1) QN,(k,Z)(xN)
M (2.21)

=m(q)" /M On.h0)(@1) -+ - O gy (@n) = M(@)" P .0y (M),

where
1 = (1—q)*
(1= chav) = (1= cha ) (1= Gl W)
and éN,(k,z)(l") = %{3(@ The function @y, (1¢)(M) is called the normalized elliptic

genus of M of level N. It is holomorphic on H and transforms like a modular form of
weight zero, but it has terms of negative index in the Fourier expansions at some cusps.
We write @ (5,0 (M)(¢") for the normalized elliptic genus with ¢ replaced by ¢™. It has
the advantage that in its Fourier expansion only integral powers of ¢ appear.

The Atiyah-Singer Theorem, together with (Z19]), (Z20)), and 2I7), imply that

7] N7(k;7g)(M) can be regarded as the topological index of an infinite tensor product, namely

PN, (k,0) (M) = Ind <Lk ® RN,(k,é)(Q)) (2.22)

where Ry (1)(q) is the virtual bundle

o0
By koy(a) = (A AT O 039 A_%qw%T* ON_ T ® SgrT" @ 5qu> (2.23)
=1

with Chern character equals to

n oo (1 — e_aﬁjce qur% 1-— exjg_gqrf%
ch (B (@) =TT | (1= e =¢ha™) IT ( q T qr)) 51 — qiv) )
j=1

r=1

and L is the line bundle with Chern class equals to ¢;(L) = —%. We remark that in the
statement corresponding to (2.22]) in [22], Appendix III, equation (16) on page 176, there
are some minor typos which we fixed here.
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Remark 2.12 Conceptually, the elliptic genera of level N can be interpreted as the
equivariant Hirzebruch y,-genus (evaluated at a N-root of unity) of the free loop space
LM . On the loop space LM, there is a canonical S!'-action having M, the space of constant
loops, as its fixed point set. The tangent space Tp(LM) at a constant loop P € M is the
loop space L(TpM). Any loop in L(TpM) admits a Fourier expansion with coefficients in
TpM and as a consequence we obtain the following weight decomposition

Tp(LM) = L(TpM) =TpM & > ¢ (TpM & C),
reN

where S! acts on the r-th summand with weight » € N. Here ¢ denotes a formal vari-
able that keeps track of the circle action on each summand. If we apply the equivariant
Atiyah-Singer index theorem formally for the canonical circle action on LM to compute
the equivariant genus associated to

g (I+ye ™) with y=—(n,

we obtain the heuristic formula

& T L —e "ng"
Ang<ryw 1_e—arjq7’ )
. (LT T (= e (L - e ey
‘/MH"T (1_e—w =i )

which (up to the formal factor
P, 0,1)(M)(g) when ¢ = e?™7 with 7 € H.

If N = 2, then we obtain the equivariant signature of the loop space as initially described
by Witten for spin manifolds in the context of quantum field theory [35] [36]. We refer the
reader to [22, Section 7.4] for a more detailed treatment of elliptic genera as the x, genus
of the loop space of a manifold, where the convergence of the heuristic formula is more
carefully treated.

coincides with the normalized elliptic genus
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2.8. The type of the action. In this subsection we recall what the type of the action
of (M, J,S1) is and prove how it is related to the index of (M,J) (see [22, Appendix III,
Sections 6 and 8]).

Definition 2.4. [22] page 179] Given an integer N, the S!-action on (M, J, S!) is said to be
N-balanced if for every P € M5 the residue class of w (P)+- - -+wy,(P) (mod N) does not
depend on P. Given an N-balanced action, the common residue class of wy (P)+- - -4wy,(P)
modulo N is called the type of the action.

In order to understand the geometric meaning of the previous definitions we need to
recall notions about the first Chern class of (M,J), its equivariant extension and the
index of (M,J). Let ¢; € H?(M;Z) be the first Chern class of the tangent bundle of
(M, J) and ¢ € HZ,(M;Z) the equivariant first Chern class of (M, J, S). We recall that,
given a fixed point P and the restriction map rp: Hz,(M;Z) — HZ,({P};Z), there exists
x € HZ ({P};Z) such that H, ({P}; Z) ~ Z[z] and

p <Cigl) _ (U)1(P)+'” +wn(P))x. (2.24)
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Henceforth we simply denote the restriction of an equivariant cohomology class ¢ €
£1(M;Z) to a fixed point P by c(P).
Next we recall what the index of (M, J) is.

Definition 2.5. [30] Given an almost complex manifold (M,J), the index of (M,J) is
the largest integer kg such that, modulo torsion elements, ¢; = kgn for some nonzero
n € H2(M;Z).

Therefore kg is zero exactly if ¢y is torsion, and is otherwise the largest integer such

that ¢1/ ko € H*(M;Z).

Remark 2.13

(1) In [30] the third author proved that, given a compact almost complex manifold of
dimension 2n endowed with a circle action that preserves J and with isolated fixed
points, if the Todd genus of (M, J) is nonzero, then the index is bounded above by
n+ 1.

(2) If M is simply connected, then Hurewicz theorem asserts that mo(M) ~ Ha(M).
By the universal coefficient theorem, this implies that the group of homomorphisms
Hom(ma(M); Z) ~ Hom(H3(M); Z) is isomorphic to H2(M;Z). It follows that for sim-
ply connected almost complex manifolds the index coincides with the non-negative
integer D such that (c1,m(M)) = DZ. If D # 0, then this positive integer is also
known as the minimal Chern number of M (see [27, Definition 6.4.2]; observe that the
existence of a symplectic structure in [27, Definition 6.4.2] is not needed).

(3) If (M,w) is a compact symplectic manifold endowed with a Hamiltonian circle action
with isolated fixed points (see Definition [21]), then it is simply connected and its Todd
genus does not vanish. By part (2) of this remark it follows that for such manifolds
the index coincides with the minimal Chern number (see also [30, Remark 3.4])

The next proposition, which is already known (see [22, Appendix III, Section 8] and [9]
Section 9]), gives a relation between the index and the action. For the sake of completeness
we include a proof here.

Proposition 2.14. Let (M,J) be a compact almost complex manifold of dimension 2n
endowed with an S'-action preserving J and let ko be its index and N a positive integer
dividing ko. Then the S'-action is N-balanced.

Remark 2.15 Observe that if kg = 0, then the proposition says that the action is bal-
anced for every NV, hence the sum of the weights at each fixed point P is independent of
P. Moreover, if the fixed point set is discrete, then Lemma 2.13 in [13] gives that this sum
is always zero.

Proof of Proposition [2.17) By (224 it is sufficient to prove that for all pairs of distinct
fixed points Py, P € MSI7 one has
1 1
o (P1) —cf (P)
N -x
First suppose that P; and P, belong to the same connected component Mg of M® '. Observe
that the weights of the S'-action at a fixed point s € Mg on the component of TM tangent

to Mg are zero, whereas those in the normal component to Mg in M do not depend on
s € Mg. By ([Z24) it follows that ¢ (Py) = ¢ (P).

e Z.
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Now suppose that P, and P, are fixed points belonging to different connected compo-
nents of MS". Let y: [0,1] — M be a continuous path such that v(0) = Py, (1) = P, and
the image of the interval (0,1) avoids other fixed points; this is possible since the normal
bundle to a fixed component is always of positive even dimension. Rotating this path
using the S'-action one obtains a topological two-sphere S with fixed points given by P;
and P». Assume that the common stabilizer of the points of S is Zj, (observe that &k could
be one, in which case the common stabilizer if trivial). Let ¢: S2 — M be an equivariant
map from a smooth sphere S?, where the action on S? is given in cylindrical coordinates
by S' 5 A =e? %(0,h) = (+k0', h), and such that the image is exactly S. Let Q; and Qs
be the two fixed points on S? with «(Q;) = Pj, j € {1,2}, and assume that the weight of
the Sl-action on T'S?|¢, is k and that on T'S?|g, is —k. If we pull-back the tangent bundle
of M to S2, then the weights of the S'-action on +*(TM) at the ﬁxed point QJ coincide

with those at P; € M, for j € {1,2}. Thus 224) implies that ¢*(c; )(Q]) (P]) and

we have
L* CSI _ L* CSI
Za/sclz/é,ng*(Cl):/ o (cf1> = ( ! >(Q1)kx ( ! >(Q2)

P (P — o (P)

kx ’

where the second equality follows by degree reasons and the last equality from the local-
ization formula (2.4]).

If kg is zero or equlvalently if ¢ is torsion, then the integral on the left-hand side is

zero. Hence ¢ (P) = ¢' (P,) for every pair of fixed points P and P, and the action is
balanced for every .

Otherwise, by the definition of kg and the assumption that N divides kg, we have that
c1 = Nn for some non-zero n € H?(M;Z). From ([2:25]) we have that

P1 — Cl (PQ)
7, —
> / / N - kzx ’

and the claim follows. O

(2.25)

Remark 2.16

(1) In [I3} Lemma 2.3] it was proved that if ¢; is torsion or, equivalently, if ko = 0, and
in addition the fixed points of the action are isolated, then the sum of the weights at
each fixed point is indeed zero, and so is the type of the action.

(2) Let My be the closure of the set of points with stabilizer Zj. Then from the proof of
the proposition it follows that, for all the fixed points in My, the S'-action is N - k
balanced on Mj,.

2.9. The rigidity of the elliptic genus. Let (M, J, S!) be an almost complex manifold
endowed with a circle action compatible with the almost complex structure J. Let N be a
positive integer that divides the index ko of (M, J). In this subsection, we define what it
means for the elliptic genus ¢ (M) of level N to be rigid, but first we recall what rigidity
means for an equivariant bundle.

Definition 2.6. An S'-equivariant bundle V is called rigid if its equivariant index Indg: (V')
is independent of ¢, hence it lies in Z C Z[t,t~1].
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Note that, since taking ¢ = 1 corresponds to taking the trivial S!-representation, rigidity
of an equivariant bundle V implies that

Il’ldsl (V) == Ind51(V)|t:1 == IDd(V)

Now let Ry (9,1)(g) be the virtual bundle already defined in equation [223) for (k,l) =
(0,1) by

o
Ry 01)(9) = </\<NT* QN txe T ON 51T O ST @ Sq*T> :
r=1

We can write ‘

Ry 0,1)(q) = Z R; ¢

Jj=>0

for some finite dimensional virtual bundles R; defined for every non-negative integer j.
For instance

Roy=A_¢cyT*, and Ri=A_,T*@ (1 —Cn) T+ (1 ¢ T) .
Recall that the normalized elliptic genus @ (o,1) of level N is defined as the index of the
virtual bundle Ry (o,1)(¢) and the elliptic genus ¢ (M) of level N is defined by

dim (M) _ dim (M) j
en(M) =N onla) =m(a) 2 éno1 =mle) 2 ZIDd(Rj) 7,
Jj=0

where

_ 1 ﬁ (1—q")°
L= 5 (= Gvgn) (1= Gy'r)
We define the equivariant elliptic genus on(M,t) of level N as

m(q) :

dim (M) .
pn(M, 1) :=m(q) 2 Y Indgi(R;)¢’.
j=0

Definition 2.7. The equivariant elliptic genus pn (M, t) of level N is rigid if the equivari-
ant bundles R; are rigid for every j .

Note that the rigidity of the equivariant elliptic genus ¢n (M, t) just means that

@N(M’t) = @N(M’t”t:l = SDN(M)'

If N =2 and (M, J,S!) is a spin manifold, then the rigidity of the equivariant elliptic
genus po(M,t) was conjectured by Witten [35] 36] following theoretical physics ideas on
the loop space of M. The rigidity of ¢3(M,t) was first proven by Taubes [33] who made
Witten’s program rigorous and later by Bott and Taubes [9] who simplified Taubes original
approach using the language of equivariant index theory and equivariant cohomology. The
following theorem due to Hirzebruch generalizes the Rigidity Theorem by Bott, Taubes
and Witten to almost complex manifolds that are not necessarily spin.

Theorem 2.17 ([22], theorem on page 181).

Let (M, J) be a compact almost complex manifold with index ko. Suppose that (M,J) is
endowed with an S'-action preserving J. Then for every positive integer N dividing ko
the elliptic genus (M, t) of level N is rigid, hence it equals the (non-equivariant) elliptic
genus on(M). If the type of the action is not zero (mod N), then (M) = 0.
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3. FROM NUMBER THEORY TO GEOMETRY

3.1. From the index to the Betti numbers: First consequences. The next result
is an easy consequence of Theorem [2.17] and identifies a category of manifolds for which
certain elliptic genera always vanish.

Proposition 3.1. Let (M,w, ) be a symplectic toric manifold with index ko. Then for
every integer N > 2 dividing ko, the elliptic genus on (M) of level N vanishes identically.

Proof. Let N be an integer dividing the index kg. By Theorem [2.17] it is enough to
find a subcircle S of the torus T acting on M such that the type of the S'-action is
not zero (mod N). Let P be a fixed point of the T-action on M, the latter being of
dimension 2n. Modulo a GL,(Z)-transformation we can assume that the weights of the

T action at P are the vectors in the standard basis zi,...,z, of t* ~ (R™)*, namely
zj(&,..., &) = & for every j € {1,...,n} and every ({1,...,&,) € t @ R"™. Any circle
subgroup S! of T is determined by a vector a@ = (aq,...,q,), where aj € Q for every

j, and St = exp{t - (a1,...,ap) : t € R} C T. By rescaling the rational coordinates o
we can assume that they are indeed integral and that the vector « is primitive in the
lattice ¢* ~ (Z™)*, namely that if « = m - for some m € Z and 8 € ¢*, then m = +1.
If we restrict the T action to that of the above circle, the weights at P of the induced

Slaction are given by x;(a) = oy for every j € {1,...,n}. Therefore, in order to prove
the proposition, it is enough to find a primitive o € ¢* such that a; + --- 4+ a4 is not
zero (mod N). This is easily seen to be always possible, as if the picked oo = (v, ..., )

satisfying ;4 - - +ay, =0 (mod N), it would be enough to replace it with (o +1,..., ),
and if the latter were not primitive, dividing the coordinates by the common divisor would
yield the desired primitive vector. O

The next result is an application of Theorem 2. 111

Proposition 3.2. Let (M,J) be a compact almost complex manifold with index ko. Sup-
pose that for every integer N > 2 dividing ko, the elliptic genus pn (M) of level N vanishes
identically. Then

ko —1
Z (—y)Y  divides x,(M).
7=0
Proof. If kg = 1 there is nothing to prove. Thus suppose that kg > 2. As
ko —1 ‘ ko —1 it
Rt Y = I (wtew).
=0 =1

2mil
it is enough to prove that x,(M) =0 when y = —e¥o , for all £ € {1,...,ko —1}.
If ged(, ko) = 1 then Theorem 21T] together with the assumption that ¢y, (M) = 0,
27il
imply that x,(M) =0 for y = —e ¥o .
If ged(4, ko) = a > 1 then it is sufficient to observe that, for N := %" and ¢ = £,

a
27l 2rie!

one has ek = e "~ . Since by assumption ¢y (M) vanishes, Theorem 211l gives that
wie! 2mie
Xy(M):()fory:—e%:—ekO. O

In Subsection [3.2], we specialize to the case in which the manifold is symplectic and is
endowed with a Hamiltonian circle action with isolated fixed points to conclude that if
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index is maximal, namely kg = n + 1, it is sufficient to assume that the elliptic genus of
level n + 1 vanishes to conclude that x(M) = >"7_(~y)’. We indeed prove that M is also
homotopy equivalent to CP".

We are now ready to prove Corollary [T

Proof of Corollary [l Combining Propositions Bl and we obtain that for a sym-
plectic toric manifold of index kg, the polynomial Z;‘ia 1(—y)j divides x,(M). For the
claim (L)) of Corollary [LT] what is left to prove is that, for a symplectic toric manifold of
dimension 2n, one has

Xy(M) = b (M)(—y)’ (3.1)
=0

and then replacing —y with y yields the desired claim. This fact follows from two ob-
servations: the first is that, picking a circle subgroup S' of the torus T acting on M
such that the fixed points of the S'-action are the same of those of the T action, gives
Xy(M) = Z?:o N;(—y)’, where N; is the number of fixed points with j negative weights
of the S'-action (see for instance [22 Section 5.7] and [14], Section 3]); the second is that
the number Nj is precisely by;(M).

If kg = n+1, then, as we are assuming that M is connected, by(M) = 1 and (I.T]) implies
that b = (1,1,...,1). Since, as observed above, N; = by;(M) for every j, we have that
the total number of fixed points is >, Nj = >, b2;(M) = n + 1. On a symplectic toric
manifold the number of fixed points corresponds exactly to the vertices of the Delzant
polytope (M), which is of dimension n. However the only Delzant polytope of dimension
n with n+1 vertices is —up to GL,,(Z)-transformations— the smooth simplex of dimension
n. By Delzant’s Theorem [I1] we obtain the desired claim.

If kg = n, then (L)) tells us that the polynomial Z?:_&(—y)j divides x,(M), i.e.

n—1
Xy(M) = (£(=y) +m) > (—y)’.
=0

for some ¢,m € Z. Since by(M) = bz, (M) = 1, we obtain that £ =m = 1 and hence
n—1 .
Xg(M) = (—y+ 1) (=y) =1+2(=y) + - +2(—y)" " + (=y)".
j=0
From (31 it follows that b = (1,2,...,2,1).
If kg = n — 1, then we obtain as before that
n—2
Xy(M) = (L(=y)* + m(—y) +71) > _(—y)’
j=0
for some ¢,m,r € Z, and from (BI) and the fact that bp(M) = b2,(M) = 1 we infer
¢ = r = 1. By multiplying out the above expression, we obtain the stated vector b of
Betti numbers.
If kg = n — 2, we proceed as before and obtain

w

n—

Xy(M) = (£(=y)® + m(—y)® + r(—y) + s) Z(—y)j,

=0

<
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for some ¢,m,r, s € Z. Since by(M) = bap, (M) = 1, (BI) implies that £ = s = 1. Hence we
get

Xy(M) = (=)" + (L+m)(=p)" 7+ L+ m+r)(=y)" 7+ 2+ m+7)(—y)" 7 + ..
o 2 mAn)(=y)+ A+ mr)(—y)’ + (L r)(-y) + L

The symmetry by(M) = boy,_2(M) further yields m = r and the desired vector b of Betti
numbers. Finally, replacing the variable y with —y finishes the proof. O

3.1.1. An application to smooth reflexive polytopes. We would like to give a straightforward
application of Corollary [Tl to smooth (or Delzant) reflexive polytopes. In Definition 23]
it is recalled what smooth (or Delzant) polytopes are. A particularly interesting subclass
of such combinatorial objects is given by smooth reflexive polytopes.

Definition 3.1. An n-dimensional polytope A is called reflexive if all its vertices belong
to Z™ C R™, it contains zero in its interior, and such that

k
A=z eR": (z,v) <1},
j=1

where the v; € Z" are the primitive outward normal vectors to the hyperplanes defining
the facets, for j € {1,...,k}. A smooth reflexive polytope is a polytope that is at the
same time smooth (or Delzant) and reflexive.

The importance of the smoothness condition relies in the fact that, via the Delzant
Theorem, many combinatorial features of A have a topological counterpart in the corre-
sponding manifold. Hence it is often the case that one can use the topology of the manifold
to derive combinatorial properties of the associated polytope. For instance let f be the
f-vector of A, namely f = (fy,..., fn), where f; is the number of faces of A of dimension
j. Then the h-vector of A is defined to be h = (hy,...,hy), where

J

. (n—r )

hj = Z(—l)j r(ﬂ —j> fo—r forall je€{0,...,n}.
r=0

The following result is a first instance of the combinatorial-topological correspondence

mentioned above; for a proof see for instance [12, Lemma 3.8] and the references therein.

Lemma 3.3. Let (M,w, ) be a symplectic toric manifold of dimension 2n and A = (M).
Then the h-vector of A is exactly the vector of even Betti numbers of M, namely h; =
b2 (M) for every j € {0,...,n}.

Given a smooth polytope A and the corresponding symplectic toric manifold (M,w, ),
with ¥ (M) = A, the reflexivity condition on A corresponds exactly to the so-called mono-
tonicityt] of M, namely ¢; = [w] (see for instance [12, Proposition 3.10]). This allows one
to translate even more properties of M into those of A, as the following lemma illustrates.

3The monotonicity condition is sometimes also referred to as the symplectic Fano condition, and more
generally it means ¢; = Aw] for some A € R. However one can prove (see for instance [I2] Lemma 5.2])
that if (M,w) admits a Hamiltonian action, then A must be positive. Hence for symplectic toric manifolds
satisfying ¢1 = Alw] one can rescale the symplectic form to obtain ¢1 = [w].
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Before stating it, we recall that given a rational segment e = (v1,v2) between two points
v1,v9 in R™, namely

vy — v = l(e)w for some I(e) € RT and w € Z", (3.2)

its affine length is the positive number [(e) defined by the above displayed equation if w is
the unique primitive vector in Z" satisfying (3.2)). We recall that given a symplectic toric
manifold (M,w, 1), the edges of (M) correspond, via the moment map, to symplectic
spheres in M. As the set of these spheres generate Ho(M;Z), the monotonicity condition
¢1 = [w] has this important consequence (see [12, Proposition 5.4])

Lemma 3.4. Let A be a smooth reflexive polytope and (M,w, 1)) the corresponding mono-
tone symplectic toric manifold of index kg. Then we have

ko = ged{l(e) : e € E},
where E is the set of edges of A.

Roughly speaking, for a monotone symplectic toric manifold the index becomes “visi-
ble” in the associated polytope. These two of known lemmas, together with the Delzant
correspondence and Corollary [ILT] are all of the necessary ingredients for the proof of the
following,.

Corollary 3.5. Let A be a smooth reflexive polytope of dimension n with h-vector h =
(hoy...,hy). Define ko to be the great common divisor of the affine lengths of its edges.
Then

ko —1 n
Z y  divides Z hjy’.
§=0 J=0

Note that Corollary B.5lis a combinatorial result concerning reflexive polytope. However
its proof requires essentially two deep facts: the topological-combinatorial correspondence
between monotone symplectic toric manifolds and smooth reflexive polytopes, and the
rigidity theorem of elliptic genera, which is the key ingredient for the proof of Corollary
[LIl Thus the following natural question arises:

Question 3.6 Is there a different, possibly entirely combinatorial proof of Corollary B.5I?

3.2. From the index to the Betti numbers: A closer look. In this subsection we
prove Theorem Before specializing to the case in which the index is maximal, we
introduce some polynomials, together with their properties, that generalize the Hilbert
polynomial of an almost complex manifold.

Let (M27 ) be a compact almost complex manifold of dimension 2n with non-zero first
Chern class c¢;. Let N be a non-zero integer dividing c;, namely 3 € H?(M;Z). Let
K = A"T* and L = K~, hence ci(L) = =F. The Hilbert polynomial of (M, J) (see for
instance [30]) is the polynomial H whose values at an integer k are given by

H(k) := Ind (Lk) .
Similarly, for every integer £ and m > 0, we define

H, (k) = Ind <Lk ® /\mT*) . (3.3)
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By the Atiyah-Singer Theorem it is easy to see that H,,(k) depends on k in a polynomial
way, and the polynomial H,,(z), with z € C is defined to be the unique polynomial whose
values at an integer k are given by (B.3]).

The following proposition is a generalization of [30), Proposition 4.1 (2)].

Proposition 3.7. Let (M, J, SY) be a compact almost complex manifold which is acted
on by a circle S* which preserves J and with discrete fized point set MS'. Assume that
the first Chern class c1 is non-zero. Let N be a non-zero integer and L the line bundle
(/\"T*)%. Then for every integer k and 0 < m <n

Ind <Lk ® /\mT*) = (—1)"Ind <L*’f ® A"*mT*) = (-1)"Ind (LN ) /\mT> . (3.4)
Hence for every x € C we obtain
Hpy(z) = (-1)"Hp—m(—2). (3.5)

Proof. In order to prove ([B.4) we use an equivariant extension of the bundles involved.
Indeed, [20, Lemma 3.2] implies that the line bundle L has an equivariant extension,
which is called Lgi. The exterior powers of the tangent and cotangent bundles naturally
inherit an S!'-action from that on M.

As ¢; = —N - ¢1(L), the equivariant extensions of the Chern classes satisfy cls1 =
—N-c*lgl(LSl) +az for some a € Z, where x is the degree two generator of H, (pt; Z). We
want to prove that, for the sake of this proof, the constant a can be set to zero. Indeed
first of all observe that the equivariant extension Lg1 is not unique, as Lg1 ® Ly is another
such extension, where Lj is the trivial line bundle endowed with fiber-wise action given
by Az = Xz, for b € Z. At the level of Chern classes this means that, after choosing
an equivariant extension Lg1 with Chern class ¢f ' (Lg1), the Chern classes of all the other
possible equivariant extensions are given by c*f ' (Lg1) + bx, with b € Z. Therefore

cfl - _N (cfl(qu) +bx) +ax. (3.6)

By precomposing the S'-action with the map from S* to S that sends A to AV we obtain
a new action where all the weights at the fixed points get multiplied by N. Restricting
([B.8) to the fixed points, we obtain > _; w;(P)z = —N(cfl(qu)‘P + bz) + ax, where
now a is divisible by N. Hence we can choose a different equivariant extension of Lg1 with
b = &. Observe that the operations of choosing a different equivariant extension and of
lifting the action change the equivariant index, but not the non equivariant one. Thus in
what follows we can assume that

S wi(P)z=-N-cf (Lsi)|p. (3.7)
j=1

Denote the sum of the weights wi(P) + ...+ w,(P) at a fixed point P by W (P). Then
the localization theorem in equivariant K-theory (2.8) implies that the equivariant index
is equal to

t*k W](\TP) em (t_wl(P), o ’t—’wn(P))

Mo (-ra)

Indg: <Lk ® /\mT*> >
Pems!



RIGIDITY OF ELLIPTIC GENERA N 29
where e; denotes the j-th elementary symmetric polynomial in n-variables. Let S 1 denote
the circle S' with reversed orientation. Then S' acts on M with weights at each fixed

point P given by —w(P),...,—w,(P). Hence
w(p)
RN e, (£ )L pen(P))
k ) m ) )
i (1) = ¥ Pt
pems! =1
B ( 1)n Z tkW](\TP)em (twl(P),...,tw”(P))
R ) ANCEETIE)
T il G RUL) R
N [T, (1=t '
Pems? =1
— (—1)"Indg: (LN*’“ ® /\mT> .
Moreover, noting that t=WPle,, (1) 1won(P))y = ¢, (t=wr(P) = wn(P)) the ex-
pression in ([3.8) also equals
tk;W](VP) Cnm (tfwl(P)’ o 7t7wn(P))

=" >

Pems?t

= (=1)" —k n—mr*
1, (1—t=1) = (=1)" Inds: (L ® A T),

As observed in (2] the equalities in ([B.4]) are obtained by forgetting the circle actions,
namely by taking ¢t — 1.

JFrom the definition of H,,(z) and (3.4) it follows that Hp, (k) = (—1)"Hp—m(—Fk)
for every integer k. This implies (B.5)), as the polynomial Hy,(z) — (=1)"Hyp—m(—x) has
infinitely many zeros. 0

As an example we compute these polynomials for the complex projective space.

Proposition 3.8. The Hilbert polynomial H,,(x) of the projective space CP" is given by

Hp,(x) = %(m—l)(:ﬂ—(n—m))(m%—l)(x—i—m)
In particular,
g H,,(0) = Ind(A"T*) = (=)™
and
Xy = L—y+y2+... + (=)™

Proof. Consider the S'-action on CP" given by

Alzoizrooizg) =20 : A 21 0.0 A2,
where w1, ..., w, are distinct, non-zero integers.

This S'-action is the restriction to a circle of the standard toric action of the n-
dimensional torus 7" on CP". The circle action has Py := {[1 : 0 : ... : 0], P, := [0 :
1:...:0,...,P,:=1[0:0:...:1]} as a set of fixed points. The weights of the circle
action are given at Py by {wy}7_; and at P; by {—w; + (1 —d;5)wi }p_, for j € {1,...,n}.

Let L be the line bundle such that ¢; (L) = —;55. We argue as in the proof of Proposition

[B.7 and consider an equivariant extension of L satisfying (B.7)). Thus in this case it is easy
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to check that Lgl(Po) — T and Lk (Pj) =t %tkwﬂ', forallj € {1,...,n}.
Since the integers wi, ..., w, can be Chosen arbltrarlly as long as they are all distinct and
non-zero (as otherwise the action would not have isolated fixed points) we choose them
such that wy + -+ 4+ w, = 0. Then the localization formula for the computation of the
index yields

thWie,, (FLI™W1 LtV EI )

1 _ tw] Hr 1 7"7&](1 _ twjfwr)

Inde (Lk ®/\mT*> :em(t_wl t wn _|_Z
ST - (1—t w;)

Now we would like to express the equivariant index of ngq ® A™T™* in terms of the equi-
variant index of ngq, the latter given by the formula

1 tk’w]

Indg <L]§1) = [ (1 —t) +]Z (1 —¢) ]I

r=1 7’75](1 - twj_wr) .

iJFrom the identity below between elementary symmetric polynomials

(B9 T ) = e (t’“’l I
m—
+ (=)™ (1 — ) Z NPreiPHDe (pmwr T ),
p=0

it follows that

Indg: <L’§1 ® /\mT*) = em (™Y1, ) Ind g (L’;fm>

m+1 Z t—wl ‘,t_w") (Inds1 < k+p+1) — Indg: (L];pr)) .

By taking ¢ — 1, we obtain the equality

Ind (Lk ® /\mT*)

_ <::L> Ind (Lk—l—m) 4~y 7:2_01(_1)17 (Z) <Ind (Lk+p+1) —Ind (Lk+p>> .

Recall that the Hilbert polynomial Hy(z) of the projective space CP" is given by

How) = " w1y @),

n!

We claim that for all integers k& # 0 and all integers 0 < m < n, the Hilbert polynomial
Hy(x) satisfies the formula

(;;LL) ™ Ho(k +m) = 1ym+ Z (”) %, (3.9)
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The statement follows from the formula as it implies that

()
<n> Ho(k +p+1)
(

Ind <Lk ® /\mT*>

3

( )Hok—i—m)—i—( 1y (Ho(k +p + 1) — Ho(k + p))

3
_ O

(=1)”
(=1)P
0

3

=< >H0 k+m) + (—1)"t!

ok +p+l)
- P (k+p)

( )Ho k+m) + Z(;)Ho(k—l—m

_m(k—l)-...-(k—( m)(k+1) ... (k+m).

n\ Ho( k—i—m )(k+m)
m

We conclude the proof by proving the claim for fixed k£ by induction on m. For m = 1 the
formula is true. We next show that both sides satisfy the same recursion as m +— m + 1.
Write hr,(m) and hr(m) for the left-hand side and the right-hand side of the formula in
3.9 respectively. First, we have the recursion

he(m +1) — hg(m) = (—1)™ <;‘L>n%

Furthermore, we compute

hL(m+1)_hL(m)=(—1)m< " >ﬂHo(k+m+1) (- 1)m+1<;>%Ho(k+m)

+1 k
= 0m () P e ) = (et (1) R )
= (),

Thus hz,(m) and hr(m) satisfy the same recursion if m — m+1, hence the formula follows
by induction and we finish the proof of the claim. O

Remark 3.9 In the figure below, the black dots represent the position on the real line of
the zeroes of the Hilbert polynomials H,,(z) for m € {0,1,...,n — 1,n}. At each stage,
starting from m = 0, the zeroes of the polynomials are shifted one unit to the left but
they intriguingly jump one more unit left when they reach the origin.

In order to introduce the second important property of the polynomials H,,, we first
recall the following: For a compact almost complex manifold equipped with a circle action
and isolated fixed points, it is well-known (see for instance [22] 26]) that Ind(A™T*) =
(=1)"™N,,, where N,, denotes the number of fixed points with m negative weights. Since
H,,(0) is by definition Ind(A™T™), one has that

n

ffixed points = Z Ny, = Z(—l)m Hp,(0).

m=0 m=0

The next proposition generalizes the above equation.
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m =20

o——0o— - —O0— 00— 00— —&— - - —&—@

—n —(n—1) -2 -1 0 1 2 n—1 n
m=1

oO——0O0— P —O0——O0—— 00— - —&—=0

—n —(n—1) -2 -1 0 1 2 n—1 n
m=mn-—1

oO—eo— - - —& —e —O0—e& —O0— -+ —O—0

-n —(n—1) -2 -1 0 1 2 n—1 n
m=n

Proposition 3.10. Let (M?",J, S') be a compact almost complex manifold which is acted
on by a circle S* which preserves J and with discrete fized point set MS Then, for every
z € C,
n
ffized points = Z (=1)™ Hp, ().

m=0

Proof. Following the first part of the proof of Proposition B.7, we consider an equivariant

extension of the bundle L with respect to the new action of S! such that the restriction of
wi (P)+---Fwn(P) t_ W(P)

L to the fiber over a fixed point P is the representation ¢~ N = N . Then,
for every integer k, we have

Z P Z RN (1- t—UH(P)) (- t—wn(P))
PemSt _P e (1—t*w1(P)) (1_t7wn(P))
€ €
_ Z t_k%P) Z?n:o(_]‘)mem (t*HH(P)’ . ’t*wn(P))
st (1= Py (1= wn(P)
€
= > (1) Indg (L’“ ® /\mT*> .
m=0

By taking ¢ — 1, we obtain
ffixed points = Z (=1)"™ Ind (Lk ® /\mT*) = Z (=)™ Hy, (k).
m=0 m=0

As the result holds for every integer k, it holds for every x. O

We are now ready to specialize to the case in which the index is maximal. First of all
we have the following

Lemma 3.11. Let (M?",J, S1) be a compact almost complex manifold which is acted on by
a circle ST which preserves J and with discrete fixed point set MS". Let Ny be the number
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of fixed points with no negative weights. Assume that the index kg is n+ 1. Then
No
n

n!

Hy(z) = (-1) (x+1)-...-(z+n).

Proof. From [30, Proposition 5.1] we know that the polynomial Hy is known in this case,
and it is given by

How) = (<10 (& — 1)+ (z — n).

Note that the polynomial H(x) in [30] is ekactly Hy(—x). Then equation (3.5 gives the
desired conclusion. O

The next theorem is the key ingredient for the proof of Theorem

Theorem 3.12. Let (M,J,S') be a compact almost complex manifold of dimension 2n
which is acted on by a circle S* which preserves J and with discrete fized point set. Let Ny
be the number of fixed points with 0 negative weights. Assume that the index kg is n + 1.
If the elliptic genus pn+1(M) vanishes, then

ffized points = No(n + 1).

In order to prove Theorem we need to analyze the first terms of the Fourier expan-
sions of the elliptic genus of level N = n + 1 at the cusps. First note that by (ZI8) the
vanishing of the elliptic genus ¢x (M) implies its vanishing at all cusps, i.e., the vanishing
of ¥, (k,)(M) for every primitive N-division point w = %T + %. In particular, we also
have @ (5,0 (M)(¢") = 0 for the normalized elliptic genus defined in (22I). On the other
hand, from (222]), it is easy to see that the first terms of QADJN7(]§7€)(M)(QN) in terms of
powers of ¢ are given by

Bn.e.M) (¢V) = Ind (Lk> —Ind <Lk ® T*) ¢kt +. . 4(=1)™ Ind (Lk ® N’T*) ¢lmgkm
~Ind (Lk ® T) GV L+ (=1)TInd <Lk ® N"T) RN 4 (3.10)

where m and 7 are chosen so that km and (N —k)r < N, and what is left contains powers
of ¢ with exponent greater than max{km, (N — k)r}. The next proposition analyses this
expansion when N =n + 1.

Proposition 3.13. Let (M,J) be a compact almost complex manifold of dimension 2n,
with n > 2. Assume that the index ko is n+ 1. If pp41(M) =0 then

Hp(1) =Ind (L@ A"T*) =0
for0<m<n-—1.
Proof. As explained above, the vanishing of ¢ (M) implies ¢, 1 ¢) (M)(g"N) for every prim-
itive N-division point %T—i— %. When N =n+1and k£ =1 we can choose m =n—1,r=1
and obtain from (BI0)

0= @ni1,1,0(M) (¢

— Ind(L) — Ind(L & T*)C.41¢" + ... + (=1)" ' Ind(L @ A7)V gnD)

+ (-1)"Ind(L ® /\"T*)dﬁHq" —Ind(L ® T)C;flq" + higher terms.

Since for n > 2 the exponents of ¢ in the above expression are all distinct, we obtain
the desired claim. O

n+1)
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Proof of Theorem [312. Combining Proposition B.I0 for z = 1 and Proposition B.13] we
have that the number of fixed points is Y . _(—1)"Hp(1) = (—1)"H,(1) which, by
Lemma B.IT] equals Ny(n + 1). O

The next theorem combines results already known in the literature, and is the second
key ingredient for the proof of Theorem

Theorem 3.14. Let (M,w, ) be a compact, connected symplectic manifold of dimension
2n which is acted on by a circle in a Hamiltonian way and isolated fized points. Let x (M)
be its Euler characteristic and ko its index, and assume that x(M) = ko =n+ 1. Then
M is complex cobordant and homotopy equivalent to CP™.

Proof. The proof of this theorem combines results of Hattori [20], Tolman [34], and Char-
ton [10] in the following way.

Since we are assuming x(M) = n + 1 and M is endowed with a Hamiltonian S!-action
with isolated fixed points, the Betti numbers satisfy by;(M) = 1 for all j € {0,...,n}.
As in particular be(M) = 1 we can rescale the symplectic form to be integral, namely
[w] € H*(M;Z) (or rather the image of this group in H?(M;R)). Consider the prequanti-
zation line bundle L whose first Chern class is [w] and observe that it admits an equivariant
extension Lgi1. Indeed, since the action is Hamiltonian, the symplectic form can be com-
pleted to an equivariant symplectic form [w + 1] € Hgl(M; Z), condition that implies the
existence of Lg1 (see [2I, Theorem 1.1, Corollary 1.2]). The equivariance of the projection
map Lg1 — M implies that over a fixed point P the complex line Lg:1(P), the restriction
of Lg1 at P, inherits an S'-action; moreover the weight of the S'-representation is exactly
given by ¢(P). By [34, Proposition 3.4] we have that (P) # ¥ (Q) for all pairs of distinct
fixed points P and ). Finally, as fM a(L) = fM w™ # 0, L is quasi-ample in the sense
of Hattori [20, Section 3]. Moreover, since H?(M;Z) is a one-dimensional lattice and the
index of M is n + 1, we can rescale further the symplectic form to satisfy ¢; = (n + 1)[w],
and hence the equivariant extensions to satisfy ¢} = (n+1)[w+]+a for some a € Z. Re-
stricting the previous expression to the fixed points yields }7_; w;(P) = (n+ 1)¢(P) +a
for every P € MS'. We can conclude that L satisfies what Hattori calls condition D
(see [20 page 447]). In conclusion we can apply [20, Theorem 5.7], that asserts that the
Sl-action at the fixed point set resembles that of the standard S*-action on CP" (see the
proof of Proposition B.8)), namely, there exist integers wy,...,w,, such that the weights
at the n+ 1 fixed points of the action on M are exactly those given by the standard linear
action on CP". Since all Chern numbers can be computed entirely from the weights at
the fixed points (see (2.7)), we deduce that all Chern numbers agree with those of CP™
with standard complex structure. This, in turns, implies that M is complex cobordant to
Cp™.

To deduce the existence of a homotopy equivalence we apply results of Tolman [34] and
Charton [10]. First of all, [34) Corollary 3.19] asserts that for all j € {0,...,n}, the group
H?(M;Z) is generated by c¢i suitably rescaled, and the rescaling factor depends just on
the weights at the fixed points. It follows that if the weights are standard —namely they
agree with those of the standard action on CP"— then the cohomology ring is isomorphic
to that of CP™. Given that the cohomology rings are isomorphic, the existence of the
homotopy equivalence follows then from the results of Charton in [I0]. Indeed by Morse
theory M is homotopy equivalent to a CW complex with exactly one cell of dimension 2j,
for all j € {0,...,n}, and the conclusion then follows from [10, Theorem 5.2]. O
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We are now ready to give a proof of Theorem

Proof of Theorem[1.4. If M is complex cobordant to CP"™, then their elliptic genera are
the same; indeed (elliptic) genera only depend on their generating function and the Chern
numbers of the manifold which, for complex cobordant manifolds, are the same. However
the elliptic genus of level n + 1 of CP™ vanishes, as it is provedE in [22].

Conversely, suppose that (M,w, 1) is a compact, connected symplectic manifold of di-
mension 2n and index kg = n+ 1 which is acted on effectively by a circle in a Hamiltonian
way, with moment map ¢: M — R and isolated fixed points. Then M can be endowed
with an almost complex structure J compatible with w and invariant under the S'-action.
Hence, if we assume that the elliptic genus of level n + 1 vanishes, then (M, J, S!) satisfies
the hypotheses of Theorem Since the action is Hamiltonian and the manifold con-
nected, the number of fixed points with no negative weights is one. Hence the number of
fixed points M 1\ is exactly n+1. However it is well-known that, if the action has discrete
fixed point set, then the Euler characteristic x(M) is precisely |M® ' |. Thus we can apply
Theorem [B.14] to conclude the proof. d

Corollary 3.15. Under the same assumptions as Theorem [3.1]), the m-th Hilbert polyno-
mial Hy,(z) of (M,w, ) is given by

—1)"
Hp(x) = ﬁ(m—l)(w—(n—m))(m—i—l)(ac—i—m)
Proof. As argued in the proof of Theorem B.I4] the complex projective space CP™ and M
have the same Chern numbers. The statement follows because the Hilbert polynomials of
an almost complex manifold are totally determined by their Chern numbers. g

4. FROM GEOMETRY TO NUMBER THEORY: RELATIONS OF EISENSTEIN SERIES

In this section we explain how the rigidity theorem for the elliptic genus of level N
yields curious identities for products of Eisenstein series for I'1(N). Thereby, we prove
Theorem [[L3l As an example, we also give an infinite family of relations coming from the
rigidity of CP™.

Let (M, J) be a compact, connected, almost complex manifold of dimension 2n whose
first Chern class is divisible by N. Suppose that a circle S' acts effectively on M, and that
the fixed point set M5 s non-empty and discrete. Let wq(P),...,w,(P) € Z denote the
weights at a fixed point P € M® . Our assumption on the fixed point set of the S'-action
implies that all the weights are non-zero, compare to Section 2J1 We now come to the

proof of Theorem [T.3]

Proof of Theorem [[.3. Consider the Laurent series

Fn(z):= 7Q1\;(x)’

where Qn () is the power series defined in (2.16]) for the elliptic genus ¢ (M) of level N.
The equivariant elliptic genus of level N associated to M is given for 1 # t = 2™ ¢ S1 as

on(M,t) = > Fy (2miwi(P)z)- - Fy (2miw,(P)z),
Pems?t

4An alternative proof of this fact is given by Proposition [3I] as CP™ admits a toric action.
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compare to Section 2.9 The rigidity theorem, Theorem 217, asserts that ¢n(M,t) is
actually independent of t € S'. In particular, this implies that the non-constant Taylor
coefficients of ¢ (M, t) around z = 0 vanish. A short computation shows that the Taylor
coefficient at zF~" is explicitly given by

Z Gin(r) Z mj(wl(P),...,wn(P))’ (4.1)

IeP, (k) Pems? wi(P) - wn(P)

where m; is the usual monomial symmetric polynomial. Here we also use Lemma 2.8
which states that the coefficients aj of Qn(x) are given by the Eisenstein series Gy, n-.
By the rigidity theorem, Theorem [2Z17, the expression in (41]) vanishes for k& > n, which
finishes the proof of Theorem [L.3] O

For every I € P, (k) the coefficient of G n(7) has the following geometric interpretation.
Asmy(xy,...,xy,) is symmetric in z1, . . . , T, there exists a polynomial Q(y1, ..., y,) such
that

Qf(el,...,en):mf, (4.2)
where ej(z1,...,z,) is the elementary symmetric polynomial of degree j. By (Z&l) we
obtain that for every fixed point P,

mr(wy(P),... wa(P))z* = Qr (CISI(P), . ,cﬁl(P)> ,

where z is the variable in (2.2]). Then, by the localization formula (24)), the coefficient of
G1.n(7) can be obtained from the integral on M of the equivariant cohomology class given

by Qj(cfl, . csl) € Hgff(M;Z), namely

r n

qr(M) ::/MQI (cfl,...,cgl>

- ¥ My e e et

(4.3)

pPemS?
In the next subsection we give alternative formulas to compute explicitly these coeffi-
cients when M is a coadjoint orbit.

4.1. Formulas to compute the coefficients ¢; for coadjoint orbits. In this subsec-
tion we give additional formulas to compute the coefficients ¢;(M), if M is a coadjoint
orbit. Before doing so we need to recall a few standard facts, whose proofs are omitted
here (for more details and proofs we refer the reader to [15], [16, Section 4.2] [31], Section
6], [12, Section 5.3.1] and the references therein).

Let G be a compact simple Lie group with Lie algebra g. Choose a maximal torus
T C G, and denote by t its Lie algebra. We can embed t* in g* by means of a positive
definite symmetric G-invariant linear form on g. Let Py € t* and consider the orbit of
Py in g* under the coadjoint action, Op, = G - Fy. Then it is well-known that Op, can
be endowed with the so-called Kostant-Kirillov symplectic form w. The natural action
of the maximal torus T on Op, is indeed Hamiltonian with moment map given by the
composition of the inclusion Op, < g* followed by the projection g* — t*. Moreover the
fixed point set is discrete. In order to describe the fixed point set data, which includes the
weights, we need to introduce more terminology.

Let R C t* be the set of roots, RT a choice of positive roots and Ry C R the simple
roots. The Weyl group W of G is generated by the reflections through the hyperplanes
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orthogonal to the simple roots; we denote such reflections by s,: t* — t*, with a € Ry,
and the hyperplane orthogonal to a by H,. Moreover, if P € t* and w € W, we denote
the point P “moved” by w with w(P). Let J be a (possibly empty) subset of simple roots;
denote by (J) the set of positive roots that can be expressed as linear combinations of roots
in J and by W the subgroup of the Weyl group generated by reflections s, with o € J.
Suppose that the chosen point Py € t* above lies in the (possibly empty) intersection of
hyperplanes NyejH, and is generic in this intersection, meaning that s, (FPy) # Py for all
a € RT\(J). Denote by W/W the set of right cosets, namely W/W; := {w W, : w € W},
and by [w] its elements. Then the following lemma holds (see in particular [I2], Section
5.3.1])

Lemma 4.1. The map W/Wy — t* assigning w(Fy) to [w] is well-defined and, if restricted
to the image, defines a bijection between W/Wj; and the fixed point set (’)}EO. Moreover the
set of weights at w(Py) is given by w(RT \ (J)) = {w(a) : a € RT\ (J)}.

Note that the above lemma also implies that the (real) dimension of Op, is 2|RT\ (J)|.
With Lemma (]l it is in principle possible to compute the coefficients ¢;(M), if M is
a coadjoint orbit. However there is an alternative formula that makes use of the divided
difference operators, which is given in the proposition below. Before stating it we recall
the following. Denote by S(t*) the symmetric algebra on t*, which can be identified with

the polynomials with complex coefficients in the variables x1, ..., Z;,, where {z1,..., 2y}
is a Z-basis of the dual of the integral lattice of t*. We extend the W-action on t* to an
action on the elements of S(t*) in the natural way. Let ay,...,q, € Ry be the simple
roots and for every j € {1,...,m} define 9;: S(t*) — S(t*) to be
0;P = r=sP) 5(P) ,
Qj

where s; is the simple reflection s, ;. This is called the divided difference operator associ-
ated to s;j := s,;. Given w € W and a reduced expression of w in terms of simple roots,
W = 55,55, 85, we define 0y, := 0, 0 0, 0 ---00j,. It is easy to see that such map does
not depend on the reduced expression chosen for w, and is therefore called the divided
difference operator associated to w.

We also recall that on the elements of the Weyl group there is a well-defined length
function, namely given a reduced expression of w in terms of simple reflections s;, 55, - - - 55,
the number of simple reflections involved is independent on the reduced expression chosen
for w, is called the length of w and is denoted by [(w). Moreover, given a right coset
[w] = {ww’" : W' € Wy}, we recall that there is a unique element in [w] with minimal
length —called minimal coset representative— and we can define [([w]) as the length of that
element. Finally, there is a unique equivalence class [w] in W/W; with maximal length,
and this length coincides with |[R*\ (J)| (see [23, Sections 1.6-1.10]). Thus we have

. dim (OP )
() = 1R\ ()] = S =
Proposition 4.2. Let Op, be a coadjoint orbit of a compact simple Lie group G, where
Py is a generic point in the intersection of hyperplanes NgcjHy for some J C Ry. Let 2n

be the dimension of Op,. Denote by [w] the element with mazimal length in W/W, where
w is a minimal coset representative. Then for every I € P, (k) we have that

q1(Op,) = wmyr (RT\ (J)) ,
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where my is the monomial symmetric polynomial in the variables given by the roots in

R\ (J).

Proof. The proof of this fact makes use of the T-equivariant cohomology ring structure
of Op, and in particular of the so-called invariant classes and the equivariant Schubert
classes (see [31] Section 6] and [16l, Subsection 6.1]).

We begin with the case in which J = (). Then Py is a generic point in t* and the
coadjoint orbit is also called generic. Let us recall what invariant classes are. Given a
polynomial f € S(t*) of degree P we want to produce an element of H2P(Op,), called
invariant class (associated to f), in the following way. Let cy be the map from W to S(t*)
defined by w — w(f). Then it can be checked (see [16]) that such a map belongs to the
image of the pull-back in equivariant cohomology induced by the inclusion (Op,)T — Opo

H; (0riC) = By ((0)"5C) = D Hr(pt:0)= P s(t).
Pe((’)po)T wew

Abusing notation, we denote the corresponding element in H}(Op,;C) by ¢f too. For
instance, from ([2.5) and Lemma [A.T] it is easy to see that the (restrictions to the fixed
point set of) equivariant Chern classes are indeed invariant, and hence all classes of the

form Q(c],...,ck), where Q is a polynomial. In particular the class Qr(c],...,ct) is an

v n r n
invariant class, where Q) is the polynomial associated to mj defined in (42]). By (3]
we need to find the integral of this class on Op,. For this purpose we use the (special)
expression of an invariant class in terms of equivariant Schubert classes. We first recall

what the latter are. For every w € W, the equivariant Schubert class at w, denoted by 7,

is characterized to be the unique equivariant cohomology class in H%l(w) (Op,; C) satisfying
(i) Tw(w) =[[{e € RT : w™(a) € —RT};
(ii) 7(w') =0 for all w’ € W \ {w} such that I(w') < (w).
It is well-known that the set of these classes forms a basis of H3(Op,;C) as a module over
S(t*). Thus for every class ¢ € Hj(Op,;C) and every w € W there exists a polynomial
ay € S(t¥) such that ¢ = ZwGW auTw- The coefficients a,, have a special expression in
the case in which ¢ is an invariant class. Indeed, given f € S(t*) and the corresponding
invariant class ¢y, Proposition 6.1 in [I6] asserts that a, = (—1)!(®)9,,f.

To conclude the proof of the proposition we note that | Op, Tw = 0 unless w is the longest

element w in W, in which case the localization formula in equivariant cohomology gives
that fOPO 7w = (—1)"®), (This is because the set of weights {a € RT : w (o) € —RT}
coincides with minus the isotropy weights at w, and the restriction of the class 7 at the
elements of W\ {w} is zero.) Hence, since the invariant class Q;(c],...,c.) at Py is given

by mr(R"), equation (&3] gives

ar (Op,) :/ Qr (C?---,Cg) = (—1)l(w)3wm1(3+)/ Tw = Ogmy (R").
Or, weWw Ory
We only hint at the proof of this proposition in the case in which Py is not generic: for
partial coadjoint orbits, equivariant Schubert classes are also defined and mutatis mutandis
satisfy properties (i) and (ii) above. Moreover [16, Proposition 6.1] admits a generalization
to partial coadjoint orbits, and the claim follows similarly. ]

Example 4.3
(1) For SU(n 4 1) the root system is of type A, and a choice of simple roots is given
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by Ry = {z1 — x2,29 — ®3,..., &y — Tpt1}. If J = Ry \ {z1 — x2} it is well-known that
the corresponding coadjoint orbit is CP”. In this case the longest equivalence class in
W/W has minimal coset representative given by s,s,_1---s1, where s; := Szj—zj41 for
all j € {1,...,n}; moreover R™ \ (J) = {z1 — w9, 71 — x3,...,21 — 2, }. Hence for every
partition I € P, (k) Proposition A.2] gives

qr(CP") = 0,0p—1---O1myr(z1 — 22,21 — T3,...,21 — Tp) .
(2) For SO(2n + 1) the roots system is of type B, and a choice of simple roots is given

by Ry ={z1 —x9,...,2pn-1 —xpt U{zp}. If J = Ro\ {z1 — 22} it is well-known that the
corresponding coadjoing orbit is Gr;(RQ"‘H), the Grassmannian of oriented two planes in

R?"F1 This is a symplectic manifold of dimension 2(2n — 1). Let s; be Szj—x;,, for all
je{l,...,n—1} and s, := s;,. Then the longest equivalence class in W /W ; has minimal
coset representative given by s1---8,_18p8,_1--+51 and RY \ (J) = {x1 — x9,..., 21 —

Tp,T1+T2,...,T1+Ty, x1}. Then Proposition 2] gives in this case that for every partition
I e Pgnfl(k‘)

ar (Gry (R*1))

:81---8n_18n3n_1---31m](x1 —Z9,...,T1 —xn,xl—i—mg,...,xl—i—xn,xl).

4.2. Explicit computation of relations among Eisenstein series. In this subsection
we show that the manifold CP™ and the vanishing of its elliptic genus ¢y (CP",t), for
every N | (n+1), can be used to derive explicit relations among Eisenstein series for every
n > 1.

Proposition 4.4. For N > 2 dividing (n + 1) and k > n we have

n—1
k—0—1

0<j1,venjn <k =0 0<1seefin <L
1ot jn=k JrFetin=t

Proof. As mentioned above, we want to use the vanishing of the elliptic genus ¢ (CP™,t),
for every N > 2 dividing (n+ 1) (for the vanishing statement see [22] and Proposition B1]
since CP™ can be endowed with a toric action), to derive the above relations. In order
to compute the coefficients q;(CP™) we have two possibilities: one is to use directly the
localization formula (4.3]), and another one is to use Proposition [£.2] (see Example 43| (1)).
In this proposition, we first used the localization formula and a trick involving a residue
calculation to guess what the coefficients are. After guessing them, we found a number
theoretical proof of the above identity which is given below. Note that, however, the use
of the rigidity theorem, and in particular of Theorem [[.3] plays the essential role of finding
what the right coefficients in the identity are.
By definition, the power series for the elliptic genus of level N is given by

79(%— )

21 -

On(z) = an’
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where we omit the 7-variable for brevity. Recall that a; = G; n is an Eisenstein series by
Lemma 2.8 For k > n we define the power series

1 oy dF QN () > j—1 ;
P, _ b ke @ ENE) ke i
#(@) (k— n)!m drk—n  x (=17 + jkz—;H—l k—n)Y7"

Then the formula in the proposition is equivalent to showing that the coefficient at z* of
the power series P, 1 (2)Qn(x)" vanishes. We have

n

dzk—n  x

-n x 1
(k — )Py () QN ()" = 2™ ( d* QN(x)) - v (27rz ~)

and thus it suffices to show that the residue at z = 0 of the function
£ 0 a=d)) (1= 4))"
dxk—n 9 (x) 9 (x)

vanishes. Using the elliptic transformation behavior ([Z.I3]) it is easy to check that the
above function is invariant under the lattice Z7 + Z if N | (n + 1). Hence the sum of its
residues in a fundamental domain for C/ (Z7 + Z) vanishes. But the function also has a
unique pole at = 0, hence its residue there has to vanish. This completes the proof. [

The fact that the above proposition has a simple proof seems to correspond to the fact
that CP™ is very symmetric. However, the rigidity of the elliptic genus yields many more
relations of Eisenstein series which do not seem to have such simple proofs.
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